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In this work, we study the impact of treatments at different stages of Human Immuno-
deficiency Virus (HIV) and Tuberculosis (TB) co-infection in a population under the in-
fluence of random perturbations. This is achieved by constructing a stochastic epidemic
model describing the transmission and treatment of the diseases. The model is created
with the assumption that transmission rates fluctuate rapidly compared to the evolution of
the untreated diseases. The basic reproduction numbers corresponding to the population
with HIV infection only (with n stages of infections and treatments), the population with
tuberculosis infection only, and the overall population with co-infection (with n stages of
infection/treatments) are derived in the presence and absence of noise perturbations.
These are used to discuss the long term behavior of the population around a disease-free
equilibrium and an endemic equilibrium, and to analyze the effect of noise and treatments
on the system. We also showed conditions under which TB infected population dynamic
undergoes backward bifurcation and give conditions for disease eradication in the entire
population. Analysis shows that small perturbations to the disease-free equilibrium can
initially grow under certain conditions, and the introduction of TB treatment is effective in
eliminating the co-infection. Numerical simulations are presented for validation of our
results using published parameters.

© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Several authors (Birrell, Presanis, & De Angelis, 2012; Granich, Gilks, Dye, De Cock, & Williams, 2009; Hollingsworth,
Anderson, & Fraser, 2008; Kretzschmar, Schim van der Loeff, Birrell, Angelis, & Coutinho, 2013; Otunuga, 2018) have stud-
ied mathematical models governing the transfer of HIV infections in humans and various stages of the disease. In their work,
Birrell et al. (Birrell et al., 2012) studied different states of HIV progression in homosexual men while a collaborative analysis
of the time from HIV-1 seroconversion stage to AIDS and to death is studied extensively by the group on AIDS Incubation and
HIV Survival in Europe (Collaborative Group on AIDS, 2000). HIV and AIDS continue to remain a serious health issue for most
countries in the world (Center for Disease Control and Prevention, 2017a). Without treatment of HIV/AIDS with Antiretrovial
unications Co., Ltd.
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medicine (United States Department of Health and Human Services, 2017), HIV infection advances into several stages and
individuals with AIDS typically survive about 3 years (Center for Disease Control and Prevention, 2017b; Otunuga, 2018).

Tuberculosis (TB) disease, which could be inactive (called latent TB) or active (called TB disease), is another health issue for
the part of the world. According to UNAIDS (UNAIDS. Tuberculosis and HIV), Tuberculosis (TB) is the top infectious killer
worldwide, claiming around 4400 lives a day. According to the World Health Organization (WHO) (Tuberculosis and HIV:
World Health Organization, 2018), TB risk is higher in people living with HIV (about 16e27 times higher) than those
without the infection. Several works have been done to study HIV/AIDS and TB co-infection (Barnes et al., 1991; Bekker and
Wood, 2010; Sonnenberg et al., 2005). The risk of death in co-infected individuals is twice that of HIV infected individuals
without TB because Tuberculosis accelerates the progress of HIV infection. Reducing TB deaths among people living with HIV
by 75% by 2020 is one of the major priority of the United Nations Member States (UNAIDS. Tuberculosis and HIV). This is in an
effort to stop people living with HIV from getting sick and dying as a result of the TB infection.

There is no cure for HIV infection. The antiretroviral therapy (ART) treatment can help prevent HIV infected individuals
from advancing to the next stage of the infection by reducing the risk of transmission. According to WHO (World Health
Organization, 2018), the antiretroviral therapy helps to reduce the number of people dying from HIV-related causes. This
number reduces significantly in 2015 to 45% fewer than in 2005. The Centers for Disease Control and Prevention (CDC) (Center
for Disease Control and Prevention, 2017c) recommends a treatment for latent TB infectionwhich includes a newcombination
regimen of isoniazid and rifapentine taken weekly for 12 weeks.

Existing mathematical epidemiological models (Granich et al., 2009; Kretzschmar et al., 2013; Mallela, Lenhart, & Vaidya,
2016; Naresh, Tripathi, & Sharma, 2009; Otunuga, 2018; Sharomi, Podder, & Gumel, 2008) on HIV and TB co-infection has
shed light on the diseases’ transmission dynamics. In this paper, we discuss transmission and treatment of the HIV/AIDS and
TB diseases. We are particularly interested in how the diseases are transmitted at various stages of infection and phases of
treatment. Dynamicmodel is developed to explore the transmission and treatment of HIV and TB infections at different stages
of the disease and phases of treatment. Also, co-infection of the HIV and TB diseases is analyzed by constructing a deter-
ministic and stochastic models describing progression of susceptible populations through n stages of HIV-TB infections and
treatments. We assume that HIV infected individuals can go through any of the n stages of HIV infection and that infected
individual in stage k of the infection can receive the ART treatment. Also, we assume that the HIV-TB co-infected individual
can go through any n phases of treatment.

In their work, Grassly et al. (Grassly & Fraser, 2006) explains different causes of seasonality in infectious diseases of
humans and give different representations of the transmission rate based on the causes of seasonality. The effects of fluc-
tuations in transmission rate of diseases have also beenwidely explored by several authors (Hattaf, Mahrouf, Adnani,& Yousfi,
2018; Horsthemke& Lefever, 1984; Keeling& Ross, 2008; Mendez, Campos,& Horsthemke, 2012; Otunuga, 2017, 2018, 2019).
According to the work of Mendez et al. (Mendez et al., 2012), demographic noise or internal fluctuations are due to the
discrete nature of the constituents of the population and external fluctuations in transmission rate could be caused by varying
susceptibilities between individuals, variability in the number of contacts between infected and susceptible individuals, etc.
We assume in this work that external fluctuations in the transmission rates of HIV/AIDS and Tuberculosis can be caused by
variability in the number of contacts between untreated infected (HIV-only, TB-only and HIV & TB co-infected individuals)
and susceptible individuals and such random variations can be modeled by a Gaussian white noise process. This is because
such random variations occur on a short time scale compared to that of the epidemic dynamics. We confirm the claim that
external noise can affect the stability of the disease-free equilibrium and also show that transient epidemic advances can
occur due to the presence of external noise.

The paper is organized as follows. In Section 2, we present a stochastic and deterministic HIV & TB co-infection epidemic
models describing the transmission and spread of the diseases in different stages of infections and treatments. Themodels are
presented in the presence and absence of noise. The basic reproduction numbers for the populations with HIV disease only, TB
disease only, and HIV & TB co-infections in the presence of noise are calculated. These numbers are also calculated in the
absence of noise in Appendix A.1. In Section 3, the stability of the equilibrium points of the models describing populations
with HIV disease only, TB disease only, and HIV & TB co-infection are analyzed. The condition for the occurrence of backward
bifurcation is analyzed. The effect of treatments on the expected number of secondary infections is discussed. Thresholds for
disease eradication and transient epidemic advances in the presence of noise are discussed. Numerical simulations are
presented using published parameters to support our claims. Summary and conclusion of this work is given in Section 4.

2. Methods

In order to study the transmission, spread, treatments of HIV/AIDS, Tuberculosis, and co-infection of both diseases, we
formulate a stochastic model by first subdividividing the total population N(t) at time t into population ðSÞ susceptible to both
HIV and TB, HIV infected (untreated) population ðHkÞ in stage/phase k of the infection and susceptible to TB, HIV infected
population ðIkÞ in stage/phase k of infection under the Antiretroviral treatment, individuals infectedwith TB in latent stage ðLÞ,
28
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TB infected (untreated) population ðT Þ in active stage and susceptible to HIV, TB infected population ðAÞ under TB treatment,
population ðRÞwho recovered from TB with temporal immunity, population ðCLÞ of untreated dual-infected individuals (with
both diseases) having latent TB and HIV infection, population ðCT Þ of untreated dual-infected individuals with active TB and HIV
infection, population ðCkÞ with dual infection having HIV infection and in stage k of TB treatments, population ðCkÞ with dual
infection having active TB and in stage k of HIV treatments, population ðUkÞwith dual infection treated of TB and in stage k of
HIV treatment, for k ¼ 1, 2,…, n. All recruitment is into the susceptible class, and occurs at a constant rate LN. We assume that
treated individuals are also infectious and that individuals in stage k of HIV infection (that is, those in class ðHkÞ) are more
infectious than those in stage k� 1. Likewise, we assume individuals in stage k of HIV treatment (that is, those in class ðIkÞ) are
less infectious than those in stage k � 1 of treatment and that individuals in the latent TB class do not transmit infection.
Infected (treated or untreated) HIV and TB individuals are capable of transmitting HIV or TB (but not the mixed infection).
Treated individuals (with single or dual infection) transmit disease at a lower rate than those that are untreated. According to
Kwan (Kwan& Ernst, 2011), TB accelerates the progression of HIV infection and treatment with ART decreases incidence of TB.
They also state in theirwork that HIV infection increases the progression to reactivation of TB. For these reasons, we assume that
dually-infected individuals with active TB transmit HIV at a higher rate than dual infected individuals with latent TB. Also, we
assume dually-infected individuals under HIV ART treatment (with active TB) transmits TB at a lower rate than dually-infected
individuals receiving no ART treatment.

We note here that the deterministicmodel described in thiswork is an extension of thework of Sharomi et al. (Sharomi et al.,
2008) from a 2-stage HIV infection class (asymptotic and symptomatic stage) to an n-stage HIV infection class, with n-phase of
HIV treatments, n-stages of dual infections, and an additional compartment for the recovered classR. We also study the effects
of noise on the transmission rates and infectivities of HIV and TB.We assume that variability in the number of contacts between
infected individuals (receiving some sort of treatments) and susceptible individuals is insignificant due to their awareness of the
disease and the treatment they are receiving.We also assume that there is fluctuation in the infectivity parameters of untreated
individuals in stage k of the HIV, untreated TB, and of co-infected HIV & TB, infections. In addition, we assume.

1. Susceptible individuals get exposed to HIV when in contact with HIV only infected individuals with force of infection ~bH

which is directly proportional to Hk and Ik and described by ~bH ¼ b
Pn
j¼1

�
~hjHjþejI j

N

�
, where b is the rate of transmission

between susceptible and infected HIV individuals, ~hk is the noise-induced infectivity of untreated HIV individuals in stage

k of infection, ek quantifies the reduced HIV infectiousness due to ART treatment in stage k of infection. The parameter ~hj is

assumed to fluctuate rapidly (compared to the evolution of the disease) around an average value hk so that ~hk ¼ hkþ
sh;k Eh;kðtÞ; k ¼ 1;2;…;n and the rate ~bH reduces to

~bH ¼ bH þ b
Xn
j¼1

�
sh;jEh;jðtÞHj

N

�
;

where bH ¼ b
Pn
j¼1

�
hjHjþejI j

N

�
, Eh;jðtÞ, j ¼ 1, 2, …, n are standard Gaussian white noise and sh,j � 0, j ¼ 1, 2, …, n, are noise in-

tensities due to fluctuations in infectivities of HIV/AIDS untreated individuals in stage j of infection.

2. Susceptible individuals get exposed to TB when in contact with TB only individuals at a rate ~bT ¼ t*
�
~t1T þt2A

N

�
, where t* is

the rate of transmission between susceptible and infected TB individuals, ~t1 is the noise-induced infectivity of untreated
TB individuals, t2 quantifies the reduced TB infectiousness due to TB treatment. The parameter ~t1 is assumed to fluctuate

around an average value t1 so that ~t1 ¼ tt;1 þ st;nþ3Et;nþ3ðtÞ and ~bT reduces to

~bT ¼ bT þ t*

�
st;nþ3Et;nþ3ðtÞT

N

�
;

where bT ¼ t*
�
t1T þt2A

N

�
, Et;nþ3ðtÞ is a standard Gaussian white noise, st,nþ3 � 0 is the noise intensity for the untreated TB.

3. Untreated HIV and TB infected individuals (i.e those in class CL and CT) transmit HIV at a rate
~bLT ¼ b

�
~n1CLþ~n2CT

N

�
, where ~n1 is the infectivity of HIV and latent TB co-infectiousness, ~n2 is the infectivity of HIV and active
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TB co-infectiousness. The parameters are assumed to fluctuate around average values n1 and n2, respectively, so that ~nk ¼
nk þ sn;nþkEn;nþkðtÞ; k ¼ 1;2, and ~bLT reduces to

~bLT ¼ bLT þ b

�
sn;nþ1En;nþ1CL þ sn;nþ2En;nþ2CT

N

�
;

where bLT ¼ b
�
n1CLþn2CT

N

�
, En;nþjðtÞ, j¼ 1, 2 are standard Gaussianwhite noise and sn,nþ1 �0, sn,nþ2 � 0 are the noise intensities

of the white noise due to fluctuations in infectivities of coinfected HIV & TB in class CL and class CT, respectively.

4. Untreated HIV and TB infected individuals with active TB in class ðCT Þ transmit TB at a rate ~bTT ¼ t*~t3
CT
N , where t* is the rate

of transmission between susceptible and infected TB individuals, ~t3 is the infectivity of co-infected HIV & TB individuals,

assumed to fluctuate around average value t3 so that ~t3 ¼ t3 þ st;3Et;nþ4ðtÞ, and ~bTT reduces to

~bTT ¼ bTT þ t*

�
st;nþ4Et;nþ4ðtÞCT

N

�
;

where bTT ¼ t*t3
CT
N , Et;nþ4ðtÞ is standard Gaussian white noise and st,nþ4 � 0 is the noise intensity for the HIV & TB co-

infectiousness.

5. Treated individuals with mixed infections transmit HIV at a rate

bMH ¼ b
Pn
j¼1

�
fjCjþfjCjþsU j

N

�
, where fk is the reduced HIV and TB co-infectiousness due to TB treatment in phase k of TB

treatment, fk is the reduced HIV and TB co-infectiousness due to HIV treatment in phase k of HIV treatment, and s is the
reduced HIV and TB co-infectiousness due to ART and TB treatments.

6. Treated individuals with mixed infections transmit TB at a rate bMT ¼ t*f
Pn
j¼1

�
fjCjþfjCjþsU j

N

�
.

7. Individuals with latent TB only are reinfected (exogeneously) after effective contact with individuals in active TB class at a
rate bR ¼ t*tr

T
N, where tr is the reinfection parameter.

8. Individuals with latent TB only are reinfected (exogeneous) after effective contact with individuals having mixed infection
at a rate

bR1 ¼ t*trf
Pn
j¼1

�
ðfjCjþfjCjþsU jÞþCT

N

�
; with tr >0.

9. Individuals in CL are reinfected (exogeneous) at a rate bR2 ¼ t*trf
Pn
j¼1

�
ðfjCjþfjCjþsU jÞþCTþT

N

�
.

Also, we define tk and fk as the rates per year of moving from HIV untreated to HIV treated population (rates per year of
receiving HIV treatment), and from HIV treated to HIV untreated population (rates per year of stopping HIV treatment) in
stage k of infection, respectively. The natural death rate is m and rk and gk are transition rates from stage k to stage kþ 1 for HIV
untreated Hk and treated Ik individuals, respectively, for k ¼ 1, 2, …, n � 1. Furthermore, d is the rate at which individuals
infected with active TB-only are being treated, p is the rate at which infected active TB individuals naturally recover, j is the
rate at which individual co-infected with HIV and TB is receiving phase 1 of TB treatment, h is the rate at which individual co-
infected with HIV and TB and undergoing TB treatment starts receiving HIV treatment, rk is the rate at which co-infected
individuals with HIV and TB undergoing phase k of TB treatment move to phase k þ 1 of the treatment, with rn being the
completion phase, 9k is the rate at which co-infected individual with HIV and TB undergoing HIV treatment and in phase k of
TB treatment move to phase kþ 1 of the treatment, q is the rate at which recovered TB individual become reinfectedwith TB, f
is the rate at which latent TB individuals become active, w is the rate at which individuals under TB treatment recovered, x is
the rate at which infected TB individuals receiving TB treatment stopped receiving the treatment, s is the rate at which
infected individual with HIV and TB undergoing HIV and TB treatment stops receiving HIV treatment, jk and jk are the rates
at which HIV-untreated and HIV-treated infected individuals in stage k get infected with TB, respectively, nk ðnkÞ is the rate at
which co-infected individuals receiving some form of treatment infects individuals in class Hk (individuals in class Ik). The
stochastic model governing XðtÞ ¼ ðS;H1/Hn; I1/In; L; T ; CL; CT ; C1/Cn;C1/Cn;U1/Un;A;RÞu is
30
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dS¼ðLN�SðbHþbMHþbLT Þ�SðbTþbTTþbMT Þ�mSÞdt�bS
Xn
j¼1

sh;jHj+dWh;jðtÞ�bsn;nþ1SCL+dWn;nþ1ðtÞ

�bsn;nþ2SCT+dWn;nþ2ðtÞ�t*st;nþ3ST +dWt;nþ3ðtÞ�t*st;nþ4SCT+dWt;nþ4ðtÞ;

dH1¼ðSðbHþbMHþbLT Þ�a1H1þf1I1�ðbTþbTTþbMTÞj1H1�bMTv1H1ÞdtþbS
Xn
j¼1

sh;jHj+dWh;jðtÞ

þbsn;nþ1SCL+dWn;nþ1ðtÞþbsn;nþ2SCT+dWn;nþ2ðtÞ�t*j1H1
�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
;

dHk¼ðrk�1Hk�1�akHkþfkIk�ðbTþbTTþbMT ÞjkHk�bMTvkHkÞdt
�t*jkHk

�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
;fork¼2;…;n;

dI1¼ðt1H1�b1I1�ðbTþbTTþbMT Þj1I1�bMTv1I1Þdt�t*j1I1
�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
;

dIk¼ðtkHkþgk�1Ik�1�bkIk�ðbTþbTTþbMT ÞjkIk�bMTvkIkÞdt
�t*jkIk

�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
;fork¼2;

dL¼ðlSðbTþbTTþbMT Þ�z1L�LðbHþbMHþbLTþbRþbR1ÞþqRþxAÞdtþlt*ST st;nþ3+dWt;nþ3ðtÞ

þlt*SCTst;nþ4+dWt;nþ4ðtÞ�bL

0@Xn
j¼1

sh;jHj+dWh;jðtÞþsn;nþ1CL+dWn;nþ1ðtÞþsn;nþ2CT+dWn;nþ2ðtÞ

1A
dT ¼ðð1�lÞSðbTþbTTþbMT ÞþfLþLðbRþfbR1Þ�T ðbHþbMHþbLT Þ�z2T Þdtþð1�lÞt*ST st;nþ3+dWt;nþ3ðtÞ

þð1�lÞt*SCTst;nþ4+dWt;nþ4ðtÞ�bT

0@Xn
j¼1

sh;jHj+dWh;jðtÞþsn;nþ1CL+dWn;nþ1ðtÞþsn;nþ2CT+dWn;nþ2ðtÞ

1A
dCL¼

0@ðLþAÞðbHþbMHþbLT ÞþlðbTþbTTþbMT Þ
Xn
j¼1

�
jjHjþjjI j

	
�bR2CL�dLCL

1Adt

þbðLþAÞ

0@Xn
j¼1

sh;jHj+dWh;jþsn;nþ1CL+dWn;nþ1þsn;nþ2CT+dWn;nþ2

1A
þlt*

Xn
i¼1

½jiHiþjiI i�
�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
dCT¼

0@T ðbHþbMHþbLT Þþð1�lÞðbTþbTTþbMT Þ
Xn
j¼1

�
jjHjþjjI j

	
þbR2CLþð1�fÞbR1L�dTCT

1Adt

þbT

0@Xn
j¼1

sh;jHj+dWh;jþsn;nþ1CL+dWn;nþ1þsn;nþ2CT+dWn;nþ2

1A
þð1�lÞlt*

Xn
i¼1

½jiHiþjiI i�
�
T st;nþ3+dWt;nþ3þCTst;nþ4+dWt;nþ4

�
;dC1¼

0@jCT�ðmþr1þhÞC1þsU1þm1bMT

Xn
j¼1

vjHj

1Adt;

dCk¼

0@rk�1Ck�1�ðmþrkþhÞCkþsUkþmkbMT

Xn
j¼1

vjHj

1Adt;fork¼2;…;n;

dC1¼

0@eLCLþeTCT�ðmþr1þhÞC1þsU1þm1bMT

Xn
j¼1

vjI j

1Adt;

dCk¼

0@rk�1Ck�1�ðmþrkþhÞCkþsUkþmkbMT

Xn
j¼1

vjI j

1Adt;dU1¼ðhC1þhC1�ðmþ91þsþsÞU1Þdt;

dUk¼ðhCkþhCkþ9k�1Uk�1�ðmþ9kþsþsÞUkÞdt;fork¼2;…;n;

dA¼ðdT �qA�AðbHþbMHþbLT ÞÞdt�bA

0@Xn
j¼1

sh;jHj+dWh;jðtÞþsn;nþ1CL+dWn;nþ1ðtÞþsn;nþ2CT+dWn;nþ2ðtÞ

1A;

dR¼ðpT �ðmþqÞRþwAÞdt;
(2.1)
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Table 1
Parameter description for the epidemic model.

Parameter Description Parameter Description Parameter Description

ak ¼ m þ rk þ tk ak ¼ mþ rk z1 ¼ m þ f
bk ¼ m þ gk þ fk bk ¼ mþ gk

z2 ¼ m þ d þ p

dL ¼ m þ eL dk ¼ m þ rk þ h z1 ¼ m

dT ¼ m þ j þ eT dk ¼ mþ rk þ h z2 ¼ mþ p,

k ¼ L=m q ¼ m þ w þ x q ¼ m þ w þ x,Pn
j¼1

mj ¼
Pn
j¼1

mj ¼ 1
ek ¼ mþ 9k þ sþ s g ¼ m þ q
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where dWh;iðtÞ ¼ Eh;idt, i ¼ 1, 2, …, n, dWn;nþiðtÞ ¼ En;nþidt, i ¼ 1, 2, dWt;nþjðtÞ ¼ Et;nþjdt, j ¼ 3, 4, are independent standard
Wiener processes on a filtered probability space ðU;A;ðF tÞt�0;PÞ, the filtration function ðF tÞt�0 is right-continuous and each
F t with t � 0 contains all P-null sets in F t; ◦ denotes the Stratonovich integral (Arnold, 1974), the initial process X(t0) is F t0
measurable and independent ofW,,i(t) �W,,i(t0). Table 1 describes some composite parameters used in this work for k ¼ 1, 2,
…, n, rn ¼ gn ¼ rn ¼ rn ¼ 9n ¼ 0.

The next theorem shows that model (2.1) is well-posed. Definition 1. We define the differential operator L on a function
V(t, u) 2 C1,2 corresponding to a stochastic differential equation with drift and diffusion coefficients A(t, u) and B(t, u),
respectively, by

LVðt;uÞ ¼ vVðt;uÞ
vt

þ vVðt;uÞ
vu

Aþ 1
2
trace

"
BT

v2Vðt;uÞ
vu2 B

#
(2.2)
where vVðt;uÞ
vu ¼

�
vVðt;uÞ
vu1

;…; vVðt;uÞ
vun

�
and v2Vðt;uÞ

vu2 ¼
�
v2Vðt;uÞ
vuivuj

�
n�n

.

Theorem 1. There exists a solution XðtÞ ¼ ðS;H1/Hn; I1/In; L; T ; CL; CT ; C1/Cn;C1/Cn;U1/Un;A;RÞu of (2.1)which is an
almost surely continuous stochastic process and is unique up to equivalence if Xðt0Þ is independent of the processes
W,,i(t) � W,,i(t0), i ¼ 1, 2, …, n þ 4.

Proof. It is easy to show that the drift and diffusion coefficients of (2.1) satisfy the Lipschitz and linear growth, locally, in [a,
b] � Dr, with Dr ¼ fjXj < rg. Let X satisfies (2.1), and define V : ½0; T � � R5nþ7

þ /Rþ by

Vðt;XÞ ¼ ln

0@S þ
Xn
j¼1

�
Hj þ I j þ Cj þ Cj þ U j

�
þL þ T þ CL þ CT þ AþRþ eL

1A;
where ℝþ denotes non-negative real numbers. It follows directly that V > 0. Using (2.2), we have

LV �
LN � m

 
S þ

Pn
j¼1

�
Hj þ I j þ Cj þ Cj þ U j

�
þ Lþ T þ CL þ CT þ AþRþ eL

!

S þ
Pn
j¼1

�
Hj þ I j þ Cj þ Cj þ U j

�
þ Lþ T þ CL þ CT þ AþRþ eL

<V:
Define Vr ¼ inf
jXj> r

Vðt;XÞ. Since Vðt;XÞ � ln
�

XjþeL

�
, it follows that Vr / ∞ as r / ∞. The existence and uniqueness of

solutionXðtÞwith initial conditionXðt0Þ independent ofW,,i(t)�W,,i(t0), i¼ 1, 2,…, nþ 3, nþ4, follow directly from Theorem
3.5 of the work of Khasminskii (Rafail, 2012, p. 66). -

In the absence of noise, the model (2.1) reduces to the deterministic model (2.3) given by
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dS ¼ ðLN � SðbH þ bMH þ bLT Þ � mS � SðbT þ bTT þ bMT Þ Þdt;
dH1 ¼ ðSðbH þ bMH þ bLT Þ � a1H1 þ f1I1 � ðbT þ bTT þ bMT Þj1H1 � bMTv1H1 Þ dt;
dHk ¼ ðrk�1Hk�1 � akHk þ fkIk � ðbT þ bTT þ bMT ÞjkHk � bMTvkHk Þ dt; for k ¼ 2;…;n;

dI1 ¼ ðt1H1 � b1I1 � ðbT þ bTT þ bMT Þj1I1 � bMTv1I1 Þdt;
dIk ¼ ðtkHk þ gk�1Ik�1 � bkIk � ðbT þ bTT þ bMT ÞjkIk � bMTvkIk Þ dt; for k ¼ 2;…; n;
dL ¼ ðlSðbT þ bTT þ bMT Þ � ðmþ f ÞL � LðbH þ bMH þ bLT þ bR þ bR1Þ þ qRþ xAÞ dt;
dT ¼ ðð1� lÞSðbT þ bTT þ bMT Þ þ fL þ LðbR þ fbR1Þ � T ðbH þ bMH þ bLT Þ � ðmþ dþ pÞT Þ dt;

dCL ¼

0@LðbH þ bMH þ bLT Þ þ lðbT þ bTT þ bMT Þ
Xn
j¼1

�
jjHj þ jjI j

	
þAðbH þ bMH þ bLT Þ � bR2CL � dLCL

1A dt;

dCT ¼

0@T ðbH þ bMH þ bLT Þ þ ð1� lÞðbT þ bTT þ bMT Þ
Xn
j¼1

�
jjHj þ jjI j

	
þ bR2CL þ ð1� fÞbR1L � dTCT

1A dt;

dC1 ¼

0@jCT � ðmþ r1 þ hÞC1 þ sU1 þm1bMT

Xn
j¼1

vjHj

1A dt;

dCk ¼

0@rk�1Ck�1 � ðmþ rk þ hÞCk þ sUk þmkbMT

Xn
j¼1

vjHj

1A dt; for k ¼ 2;…;n;

dC1 ¼

0@eLCL þ eTCT � ðmþ r1 þ hÞC1 þ sU1 þm1bMT

Xn
j¼1

vjI j

1A dt;

dCk ¼

0@rk�1Ck�1 � ðmþ rk þ hÞCk þ sUk þmkbMT

Xn
j¼1

vjI j

1A dt;

dU1 ¼ ðhC1 þ hC1 � ðmþ 91 þ sþ sÞU1 Þ dt;
dUk ¼ ðhCk þ hCk þ 9k�1Uk�1 � ðmþ 9k þ sþ sÞUk Þ dt; for k ¼ 2;…;n;
dA ¼ ðdT � ðmþwþ xÞA � AðbH þ bMH þ bLT Þ Þ dt;
dR ¼ ðpT � ðmþ qÞR þwAÞ dt:

(2.3)
We note here that in the absence of noise, model (2.3) reduced to the HIV-only model described in the work of
Kretzschmar et al. (Kretzschmar et al., 2013) and Otunuga (2018) (Otunuga, 2018) for the case where T ¼ CL ¼ CT ¼ Cj ¼ Cj ¼
U j ¼ A ¼ R ¼ 0 for j ¼ 1, 2,…, n. The Mallela model (Mallela et al., 2016) and the model described in Sharomi et al. (Sharomi
et al., 2008) are special cases of (2.3). It follows that the population size

N ¼ S þ L þ T þAþRþ CL þ CT þ
Pn
j¼1

ðHj þI j þCj þCk þU jÞ satisfies the equation if L ¼ m. For the rest of this work, we set

L ¼ m.
By denoting X ¼ ðS;H1/Hn; I1/In; L; T ;CL;CT ;C1/Cn;C1/Cn;U1/Un;A;RÞu as the fraction X=N ¼

ðS=N;H1=N/Hn=N; I1=N/In=N;L=N; T =N; CL=N; CT=N; C1=N/Cn=N; C1=N/Cn=N;U1=N/Un=N;A=N;R=NÞu, we consider
model (2.1) in the feasible region

Yd
�
ðS;H1/Hn; I1/In; L; T ;CL; CT ;C1/Cn;C1/Cn;U1/Un;A;RÞu2ℝ5nþ7

þ : 0 � N � L

m

�
; (2.4)

where u denotes transpose operator. It can be shown that Y is positively invariant and attracting with respect to (2.3).
In order to study the epidemic dynamic (2.1), we first study the threshold over which the population satisfying model (2.1)

evolves into an endemic almost surely. The stability of the equilibrium states of (2.1) can be explained by first studying the
stability of the linearized associated system about its equilibrium points (Tornatore et al.). For this reason, we shall first study
the conditions under which the linear associated system to (2.1) evolves into an endemic or transient epidemic advance state.
We find condition under which expected infected population (with respect to linear associated system to (2.1)) becomes
extinct.

In the following, we obtain, in the presence of noise, the expected number R0,n of secondary (HIV and TB) cases produced
by an infected individual when introduced into a completely susceptible population. Define k ¼ L=m as in Table 1. It can be
shown that the point
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P0d
n
S0;H0

1;…;H0
n; I

0
1;…; I0n;C

0
1;…;C0

n;C
0
1;…;C

0
n;U

0
1;…;U0

n; L
0; T0;C0

L ;C
0
T ;A

0;R0
o
¼ fk;01�5nþ6g (2.5)

is a disease-free equilibrium point for system (2.1).
Define

F ¼ ð S� k; H1;…Hn; I1;…; In;C1;…; Cn; C1;…;Cn; U1;…;Un; L; T;CL;CT ;A;R Þ
u:
For any vectors x; y2Rn and scalar c2R, define the matrices

Mx;y ¼

0BBBBBBBBBBBBBBBB@

�y1 0 0 … 0 0

x1 �y2 0 … 0 0

0 x2 �y3 … 0 0

« « « 1 « «

0 0 … xn�2 �yn�1 0

0 0 0 0 xn�1 �yn

1CCCCCCCCCCCCCCCCA
;

Ix ¼ diagðx1; x2;…; xnÞ; with I c ¼ diagðc; c;…; cÞ:

(2.6)
The linearization of (2.1) along the infection-free equilibrium P0 is given by

d F ¼ A F dt þ
Xnþ3

i¼1

Mi F dWiðtÞ; Fðt0Þ ¼ F0; (2.7)

where A ¼
�

D1;1 D1;2
03nþ6�2nþ1 D2;2

�
, with D1;1≡D1;1ðsh;1Þ ¼

�
A11ðsh;1Þ A12

A21 A22

�
depending on noise intensity sh,1,
A1;1ðsh;1Þ ¼

0BBBBBBBBBBBBBB@

�m �
�
bh1 þ s2h;1k=2

�
k �bkh2 �bkh3 … �bkhn

0 �
�
a1 � bh1k� s2h;1b

2k2=2
�

bkh2 bkh3 … bkhn

0 r1 �a2 0 … 0

0 0 r2 �a3 … 0

« « « « 1 «

0 0 0 … rn�1 �an

1CCCCCCCCCCCCCCCCA
nþ1�nþ1

,

A1;2 ¼

0BBBBBB@
�bke1 �bke2 �bke3 … �bken

f1 þ bke1 bke2 bke3 … bken
0 f2 0 0 …

0 0 f3 0 …

« « « 1 «
0 0 … … fn

1CCCCCCA
nþ1�n

, A2;1 ¼

0BBBB@
0 t1 0 … 0 0
0 0 t2 … 0 0
0 0 0 t3 … 0
« « « 1 « «
0 0 … … 0 tn

1CCCCA
n�nþ1

, A2,2 ¼ Mg,b,
D2;2 ¼
�
G11 G12
G21 G22

�
, with G11 ¼

0@Mr;d 0n�n I s

0n�n Me;d I s
Ih Ih M9;e

1A, G12 ¼

0BB@
0 0 0 j 0 0

0n�1�6
0 0 eL eT 0 0

02n�1�6

1CCA,

G21 ¼ t*kf

0@ f1l … fnl f1l … fnl sl … sl
f1ð1� lÞ … f1ð1� lÞ f1ð1� lÞ … fnð1� lÞ sð1� lÞ … sð1� lÞ

04�3n

1A,
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G2;2≡G2;2ðst;nþ3Þ depends on noise intensity st,nþ3 and defined by.
G22 ¼

0BBBBBBBBBBBBB@

�z1 t*t1lkþ ð1� lÞlt2*k2s2t;nþ3=2 0 t*t3kl ðxþ t*t2lkÞ q

f �
�
z2 � t*t1ð1� lÞk� ð1� lÞ2t2*k2s2t;nþ3=2

�
0 t*t3kð1� lÞ t*t2ð1� lÞk 0

0 0 �dL 0 0 0

0 0 0 �dT 0 0

0 d 0 0 �q 0

0 p 0 0 w �g

1CCCCCCCCCCCCCCCCA
,

D1;2≡D1;2ðst;nþ3Þ ¼
�
c1;1 c1;2

�
depends on noise intensity st,nþ3, where.
c1;1 ¼ k

0@�ðbþ t*fÞf1 … �ðbþ t*fÞfn �ðbþ t*fÞf1 … �ðbþ t*fÞfn �ðbþ t*fÞs … �ðbþ t*fÞs
bf1 … bfn bf1 … bfn bs … bs

02n�1�3n

1A,
c1;2≡c1;2ðst;nþ3Þ ¼

0BB@
0 �t*t1k� ð1� lÞt2*k2s2t;nþ3=2 �kbv1 �kðbv2 þ t*t3Þ �kt*t2 0

0 0 kbv1 kbv2 0 0

02n�1�6

1CCCA,
and Mj ¼
�
Oj G0;j O5n�jþ6

�
, 1 � j � n, Mnþj ¼

�
O5nþjþ2 G1 O4�j

�
sn;nþj, j ¼ 1, 2, Mnþ3 ¼ ðO5nþ2 G2 O4 Þst;nþ3,

where Om is a (5n þ 7) � m zero matrix and G0;j ¼ sjkð�1 1 0…0 Þu5nþ7�1, G1 ¼ kbð�1 1 0…0 Þu5nþ7�1, G2 ¼
t*kð�1 0 0…0 l 1� l 0 0 Þu5nþ7�1.

The block matrix representation of A suggests that under certain conditions, the long term behavior of the dynamic (2.1)
can be studied by first studying the stability of the disease-free equilibriumwith respect to population satisfying a HIV-only
stochastic dynamic

dS ¼
 
L� bS

Pn
j¼1

�
hjHj þ ejIj

�
� mS

1Adt � bS
Xn
j¼1

sh;jHj+dWh;jðtÞ; Sðt0Þ ¼ S0;

dH1 ¼
 
bS
Pn
j¼1

�
hjHj þ ejIj

�
� a1H1 þ f1I1

1A dt þ bS
Xn
j¼1

sh;jHj+dWh;jðtÞ; H1ðt0Þ ¼ H01;

dHk ¼ ðrk�1Hk�1 � akHk þ fkIkÞ dt; Hkðt0Þ ¼ H0k;

dI1 ¼ ðt1H1 � b1I1Þdt; I1ðt0Þ ¼ I01;
dIk ¼ ðtkHk þ gk�1Ik�1 � bkIkÞ dt; Ikðt0Þ ¼ I0k; for k ¼ 2;3;…;n:

(2.8)
and TB-only stochastic dynamic

dS ¼ ðL� mS� t*ðt1T þ t2AÞS Þdt � t*st;nþ3ST +dWt;nþ3ðtÞ;
dL ¼ ðt*lðt1T þ t2AÞS� t*trTL� z1Lþ qRþ xA Þdt þ lt*st;nþ3ST +dWt;nþ3ðtÞ;
dT ¼ ðt*ð1� lÞðt1T þ t2AÞSþ t*trTLþ fL� z2T Þ dt þ ð1� lÞt*st;nþ3ST +dWt;nþ3ðtÞ;
dA ¼ ðdT � qAÞ dt;
dR ¼ ðpT � gRþwAÞ dt:

(2.9)
In the absence of noise, the schematics of the HIV-only and TB-only transmissions are given in Figs. 1 and 2, respectively,
with dynamics (2.8) and (2.9) reducing to models (2.10) and (2.11), respectively, given by
35



Fig. 1. Schematic diagram for TB-only model.

Fig. 2. Schematic diagram for HIV-only model.
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dS ¼
 
L� bS

Pn
j¼1

�
hjHj þ ejIj

�
� mS

1Adt; Sðt0Þ ¼ S0;

dH1 ¼
 
bS
Pn
j¼1

�
hjHj þ ejIj

�
� a1H1 þ f1I1

1A dt; H1ðt0Þ ¼ H01;

dHk ¼ ðrk�1Hk�1 � akHk þ fkIkÞ dt; Hkðt0Þ ¼ H0k;

dI1 ¼ ðt1H1 � b1I1Þdt; I1ðt0Þ ¼ I01;
dIk ¼ ðtkHk þ gk�1Ik�1 � bkIkÞ dt; Ikðt0Þ ¼ I0k; for k ¼ 2;3;…;n:

(2.10)

dS ¼ ðL� mS� t*ðt1T þ t2AÞS Þdt;

dL ¼ ðt*lðt1T þ t2AÞS� t*trTL� z1Lþ qRþ xA Þdt;
dT ¼ ðt*ð1� lÞðt1T þ t2AÞSþ t*trTLþ fL� z2T Þ dt;
dA ¼ ðdT � qAÞ dt;
dR ¼ ðpT � gRþwAÞ dt:

(2.11)
The expected numbers of infections, denotedRn;H andRT , produced by individuals infected with HIV-only and TB-only in
a population (satisfying (2.10) and (2.11)) susceptible to HIV-only and TB-only infections are obtained in Appendix A as

Rn;H ¼ kb
Xn
k¼1

266664 ukhk þ ekvkYk
j¼1

�
ajbj � tjfj

�
377775; (2.12)
where uk and vk satisfy�
uk ¼ bkrk�1uk�1 þ fkgk�1vk�1;
vk ¼ tkrk�1uk�1 þ akgk�1vk�1; for k ¼ 1;2;…;n;

(2.13)
r0 ¼ 1; u0 ¼ 1; g0 ¼ 1 and v0 ¼ 0, and

RT ¼ kgt*ðt1qþ t2dÞðflþ ð1� lÞz1Þ
ðgz1z2 � fpqÞq� ðqwþ gxÞf d ; (2.14)
respectively, and (gz1z2 � fpq)q � (qw þ gx)fd > 0. See parameter description in Table 1. Likewise, we also note here that
ajbj � tjfj > 0 for j ¼ 1, 2, …, n. It is further shown in Appendix A that in a population co-infected with HIV and Tuberculosis,
the number R0;n of expected number of HIV and Tuberculosis infections produced by an infected individual in a population
satisfying (2.3) where a certain fraction of infected individuals are receiving treatment is

R0;n ¼ maxfRn;H ;RTg; n � 1: (2.15)
Define mðtÞ ¼ E½FðtÞ�. Then m(t) satisfies the deterministic differential equation

dm ¼ A m dt: (2.16)

Let ~t be an eigenvalue of A. It can be shown that the characteristic polynomial of A is given by

detðA�~tI5nþ7�5nþ7Þ ¼ �ð~tþmÞ detðA�~tI5nþ6�5nþ6Þ; (2.17)

where A is the submatrix of A in (2.7) formed by deleting the first row and column of A. Using the idea presented in Appendix
A.1.3, we calculate the reproduction number R0,n with respect to (2.16) as

R0;n ¼ maxfRn;H;RTg; (2.18)

where
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Rn;H ¼ kb
Pn
k¼1

266664 ukhk þ ekvkYk
j¼1

�
ajbj � tjfj

�
377775þ 1

2

 
b1b

2s2h;1k
2

a1b1 � t1f1

!
;

¼ Rn;H þ 1
2

 
b1b

2s2h;1k
2

a1b1 � t1f1

!
;

(2.19)

is the expected the number of HIV infections produced by an infected individual in a HIV-only infected random population
where a certain fraction of infected individuals are receiving treatment,

RT ¼ kgt*ðt1qþ t2dÞðflþ ð1� lÞz1Þ
ðgz1z2 � fpqÞq� ðqwþ gxÞf d þ 1

2
gk2t2*qð1� lÞs2t;nþ3ðflþ ð1� lÞz1Þ

ðgz1z2 � fpqÞq� ðqwþ gxÞf d

¼ RT þ 1
2
gk2t2*qð1� lÞs2t;nþ3ðflþ ð1� lÞz1Þ

ðgz1z2 � fpqÞq� ðqwþ gxÞf d ;

(2.20)

is the expected number of Tuberculosis infections produced by an infected individual in a Tuberculosis-only infected random
population where a certain fraction of infected individuals are receiving treatment.
3. Results: analysis of stochastic model (2.1)

In this section, we discuss the long term behavior of the HIV and TB infected population satisfying model (2.1). In addition,
we also study the impacts of HIV/AIDS and TB treatments at different stages of infections in a population under the influence
of random perturbations.

Following (2.18), we see that the number of infections produced by an infected individual in a HIV-Tuberculosis co-infected
population is only determined by Rn,H and RT. It follows directly from (2.7) that

a1 � bh1k� s2h;1b
2k2=2 ¼ a1

�
1� bkh1=a1 � s2h;1b

2k2=ð2a1Þ
�
> a1

�
1� R1;H

�
>0 if Rn,H < 1 for n � 1. Also, z2 � t*t1ð1�lÞk�

ð1� lÞ2t2*k
2s2t;nþ3=2>0 if RT < 1. It also follows from (2.19) and (2.20) that Rn;H <Rn;H , RT <RT and R0;n <R0;n. This implies

that the number of secondary infections produced by an infective individual in a susceptible population is higher in the
presence of noise in the transmission rate of diseases than when there is no noise in the transmission rate. This signifies that
random fluctuations in the HIV and Tuberculosis transmission rates offset the transmission dynamics of an infectious indi-
vidual positively by increasing the number of expected secondary infection cases for the HIV and Tuberculosis infections. As
the noise intensities reduce to zero, the number of secondary infections, R0,n reduces toR0;n. Further impacts of noise on the
population dynamic (2.1) are studied by analyzing the stability analysis of the disease free equilibrium under certain
threshold.

In this section, we study the stability of the infection-free equilibrium P0 with respect to the stochastic system (2.1).
According to KHasminski (Rafail, 2012, p. 66) and Tornatore et al. (Tornatore et al.), many problems concerning the stability of
the equilibrium states of a non-linear stochastic system can be reduced to problems concerning stability of solutions of the
linear associated system. Here, we study the stability of (2.7) and later use Theorem 7.1 in (Rafail, 2012, p. 66) to extend the
result to that of the nonlinear system (2.1). Since (2.18), (2.19), and (2.20) suggest that the dynamic of the population satisfying
(2.1) depends on the dynamics (2.8) and (2.9) with the HIV-only and Tuberculosis-only stochastic models, respectively, we
first discuss the stability analysis for the case where the population is noise-free and infected by only one disease.
3.1. Analysis of the HIV-only deterministic model (2.10)

In this section, we discuss the stability analysis of the infection-free and endemic equilibrium of the HIV-only sub-model
(2.10). We aim to study the condition under which the population converges to either the infection-free or endemic equi-
librium on the long run.

3.1.1. Stability analysis of the disease-free equilibrium of (2.10)
We first analyze the asymptotic stability of the disease-free equilibrium

PH0dfS0;H0
1;…;H0

n; I
0
1;…; I0ng ¼ fk;0;…;0;0;…;0g (3.1)

of (2.10) and later discuss its global stability. By defining
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F ¼ ð S� k H1 … Hn I1 … In Þu; (3.2)

the linearization of (2.10) about PH0 is equivalent to

d F ¼ A F dt (3.3)

where A ¼
�
A1;1ð0Þ A1;2
A2;1 A2;2

�
is as defined in (2.7). We note here that a1 � bh1k>0 if Rn;H <1 since the inequality

R1;H <Rn;H <1 is equivalent to 0< ð1� R1;HÞða1b1 � t1f1Þ ¼ b1ða1 � bh1kÞ� t1ðf1 þ kbe1Þ. Let t be an eigenvalue of A. The
characteristic polynomial of A can be written as

detðA� t I2nþ1;2nþ1Þ ¼ �ðtþmÞ detðM1;1 � t I2n�2nÞ; (3.4)

where I2nþ1,2nþ1 is a 2nþ 1� 2nþ 1 identity matrix andM1,1 is formed by deleting the first row and column ofA. The proof of

the local (and global) stability of the disease-free equilibrium PH0 is given in the work of Otunuga (Otunuga, 2018, 2020). The
statement of the local (and global) stability theorem is given below without proof in the feasible region

YHd

�
ðS;H1;…;Hn; I1;…; InÞu2ℝ2nþ1

þ : 0 � NH � L

m

�
; (3.5)

with NH ¼ Sþ
Pn
j¼1

�
Hj þ Ij

�
.

Theorem 2. The disease-free equilibrium PH0 of the model (2.10) is locally asymptotically stable if Rn;H <1 and unstable if
Rn;H >1.

proof. The proof follows from Theorem 6 of (Otunuga, 2018).

Theorem 3. The disease-free equilibrium PH0 of (2.10) is globally stable in the feasible region YH if Rn;H � 1.

proof. The proof is similar to Theorem 7 of (Otunuga, 2018).
3.1.2. Stability analysis of the endemic equilibrium of model (2.10)

The endemic equilibrium P
H ¼ ð S* H

*
1 … H

*
n I

*
1 … I

*
n
Þu of system (2.10) is given by8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

S
* ¼ k

Rn;H
;

H
*
k ¼ LukYk

j¼1

�
ajbj � tjfj

�
�
1� 1

Rn;H

�
;

I
*
k ¼ LvkYk

j¼1

�
ajbj � tjfj

�
�
1� 1

Rn;H

�
; k ¼ 1;2;…;n;

(3.6)

where uk and vk are defined in (2.12). It is clear that the endemic equilibrium P
H
of (2.10) exists if and only if Rn;H >1. The

endemic equilibrium becomes disease-free (that is, P
H ¼ PH0 ) if Rn;H ¼ 1.

We follow the same procedure used in (Otunuga, 2018) to show the global stability of the endemic equilibrium P
H
.

Theorem 4. The endemic equilibrium P
H
of the system (2.10) is globally stable ifRn;H >1, fk > 0, k¼ 1, 2,…, n, and fk > 0,mk > 0,

k ¼ 2, 3, …, n, where fk and mk satisfy
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mk ¼ q
*
kgk�1T

*
k�1 � q

*
kþ1gkT

*
k; for k ¼ 2;3;…;n� 1;

mn ¼ q
*
ngn�1T

*
n�1;

f1 ¼ bS
*
e1T

*
1;

fk ¼ q
*
ktkI

*
k � f

*
kfkT

*
k; for k ¼ 2;3;…; n;

(3.7)
and f
*
k, q

*
k satisfy0B@f

*
n

q
*
n

1CA ¼ bS
*

anbn�tnfn

0@hnbnþtnen

hnfnþanen

1A;

0B@f
*
n�k

q
*
n�k

1CA¼ 1
an�kbn�k�tn�kfn�k

264
0@bn�krn�k gn�ktn�k

fn�krn�k gn�kan�k

1A
0B@f

*
n�kþ1

q
*
n�kþ1

1CAþbS
*

0@hn�kbn�kþtn�ken�k

hn�kfn�kþan�ken�k

1A
375; fork¼1;2;3;…;n�1;

(3.8)
proof. See Otunuga (Otunuga, 2020) for the proof.
3.2. Effect of treatment on a population infected with HIV only: model (2.10)

Write Rj;HðtiÞ≡Rj;H as a function of the treatment rate ti in stage j of infection, for 1 � i<¼j � n. In a population where
treatment is administered at a very high rate during stage i of infection (so that we say ti / ∞), the expected number of
secondary infection produced by a typical infected individual in stage j of infection (with i � j) is denoted and defined by
Rj;Hðti/∞Þ≡ lim

ti/∞
Rj;HðtiÞ. Likewise, if no treatment is given in stage i of infection, we denote the expected number of sec-

ondary infection produced by a typical infected individual in stage j of infection (with i � j) by Rjðti ¼ 0Þ≡Rj;HðtiÞjti¼0.
Following similar approach in Otunuga (Otunuga, 2020), we obtain these numbers as

Rj;Hðt1/∞Þ ¼ kb

b1

Xj
k¼1

bukhk þ bvkekYk
r¼1
rs1

ðarbr þ brtrÞ
;

Rj;Hðti/∞Þ ¼ Ri�1;H þ kb

bi
ðui�1ri�1 þ vi�1gi�1Þ

Xj
k¼i

bukhk þ bvkekYk
r¼1
rs1

ðarbr þ brtrÞ
; for 2 � i � j � n;

bui ¼ 0; bvi ¼ 1; i ¼ 1;…;n; and buk;bvk; ksi are defined in ð3:11Þ; and ak; bk are given in Table 1:

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
(3.9)
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8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

8>>>>>>>><>>>>>>>>:

Rj;Hðt1 ¼ 0Þ ¼ kb

a1

Xj
k¼1

u
�

khk þ v
�
kekYk

r¼1

rs1

ðarbr þ brtrÞ
;

u
�
1 ¼ 1; v

�
1 ¼ 0; and u

�

k; v
�
k; ks1 are defined in ð3:11Þ8>>>>>>>><>>>>>>>>:

Rj;Hðti ¼ 0Þ ¼ Ri�1;H þ kb

aibi

Xj
k¼i

u
�

khk þ v
�
kekYk

r¼1

rsi

ðarbr þ brtrÞ
; for 2 � i � j � n;

u
�

i ¼ biri�1u
�

i�1 þ figi�1v
�
i�1; v

�
i ¼ aigi�1v

�
i�1; and u

�

k; v
�
k; ksi are defined in ð3:11Þ;

(3.10)

̌ ̌

and Rj;Hðti/∞Þ ¼ Rj;Hðti ¼ 0Þ ¼ Rj;H if i > j, where ui, vi are defined in (2.13) for i ¼ 1, 2, …, n, u0 ¼ 1, v0 ¼ 0, and

8>>>>>>>>>>>><>>>>>>>>>>>>:

8<:
buk ¼ bkrk�1buk�1 þ fkgk�1bvk�1;

bvk ¼ tkrk�1buk�1 þ akgk�1bvk�1; for k ¼ iþ 1;…; n; 1 � i � n8>><>>:
u
�

k ¼ bkrk�1u
�

k�1 þ fkgk�1v
�
k�1;

v
�
k ¼ tkrk�1u

�

k�1 þ akgk�1v
�
k�1; for ksi:

(3.11)
Furthermore,8>>>>><>>>>>:

dRj;H

dti
¼ aibibi

ðaibi þ bitiÞ2
�
Rj;Hðti/∞Þ � Rj;Hðti ¼ 0Þ

�
;

d2Rj;H

dt2i
¼ � 2aib

2
i bi

ðaibi þ bitiÞ3
�
Rj;Hðti/∞Þ � Rj;Hðti ¼ 0Þ

�
; for 1 � i; j � n:

(3.12)

It follows from (3.12) that the rate at which the expected number of secondary HIV infection in stage j of infection is changing
dRj;HðtiÞ
with respect to treatment administered at stage i depends on how high the treatment rate is. We see that dti

<0 and the

graph ofRj;HðtiÞ concaves up for all ti� 0 if and only ifRj;Hðti/∞Þ<Rj;Hðti ¼ 0Þ; for 1 � i � j � n. That is, showing that the
expected number of secondary HIV infection in stage j of infection decreases and slows down as the treatment rate in stage i of
infection increases (i � j � n) is equivalent to showing that the number is smaller when treatment is administered at a very
high rate in stage i than when no treatment is administered.

3.2.1. Numerical simulation for the HIV-only model (2.10)
In this section, we give simulation results for the trajectory of the susceptible, HIV infected population satisfying (2.10)

using demographical data published in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar et al.,
Fig. 3. Graph of the trajectories of S, Hk, Ik, k ¼ 1, 2, …, n, for the cases where n ¼ 1 and 2, respectively, and Rn;H <1.
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Table 2
Parameter values for the epidemic model: Case study HIV/AIDS.

Parameter Description Default Value References

L Recruitment rate into the population 0.018year�1 (Granich et al., 2009; Kretzschmar et al.,
2013)

b Transmission rate of infection Estimated Kretzschmar et al. (2013)
hk Infectivity of untreated individuals in stage k of infection h1 ¼ 2.76, h2 ¼ 0.106, h2 ¼ 0.106 Hollingsworth et al. (2008)
ek Reduced infectiousness due to treatment in stage k of

infection
e1 ¼ 0.01 Granich et al. (2009)

m Natural death rate L [15, 24]
tk Treatment rate of individuals in stage k of infection Range 0e100% Kretzschmar et al. (2013)
fk Rate of dropping out of treatment in stage k Range 0e100% Kretzschmar et al. (2013)
rk Average duration of untreated infection

r1 ¼ 1
0:271

, r2 ¼ 1
8:31

, r3 ¼
1

1:184

[5, 20, 24]

gk Average duration of treated infection
g1 ¼ 1

8:21
, g2 ¼ 1

54
, g3 ¼ 1

2:463
Kretzschmar et al. (2013)
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2013; The CASCADE Collaboration; Collaborative Group on AIDS, 2000). We verify the global stability criteria discussed in
Section 3.1. All simulations are carried out using MATLAB R2018a.

Fig. 3 (a) and (b) show the trajectory of S, Hk, Ik, k¼ 1, 2,…, n for the cases where n¼ 1 and 2, respectively, andRn;H <1. For
Fig. 3 (a), we use the initial condition S0 ¼ 0.7, H10 ¼ 0.1, I10 ¼ 0.2. Parameters’ unit are in year�1 , with parameter values given

in Table 2, whereR1;H ¼ 0:4295 and disease-free equilibrium PH0 ¼
�
S0 ¼ 1;H0

1 ¼ 0; I01 ¼ 0
�u

. For Fig. 3 (b), we use the initial

condition (in percentages) S0 ¼ 0.36, H10 ¼ 0.1, H20 ¼ 0.15, I10 ¼ 0.14, H20 ¼ 0.25, where R2;H ¼ 0:7880 and disease-free

equilibrium PH0 ¼
�
S0 ¼ 1;H0

1 ¼ 0;H0
2 ¼ 0; I01 ¼ 0; I02 ¼ 0;

�u
. Fig. 3 (a) and (b) confirms that if Rn;H <1, then SðtÞ/k ¼ 1,

Hk(t) / 0, Ik(t) / 0 as t / ∞.
Fig. 4 (a) and (b) show the trajectory of S, Hk, Ik, k¼ 1, 2,…, n for the cases where n¼ 1 and 2, respectively, andRn;H >1. For

Fig. 4 (a), we use the initial condition S0 ¼ 0.7, H10 ¼ 0.1, I10 ¼ 0.2 and parameters given in Table 2, whereR1;H ¼ 1:8847 and

endemic equilibrium P
H ¼

�
S
* ¼ 0:5284;H

*
1 ¼ 0:0018; I

*
1 ¼ 0:0120

�u
. For Fig. 4 (b), we use the initial condition S0 ¼ 0.36,

H10 ¼ 0.1, H20 ¼ 0.15, I10 ¼ 0.14, I20 ¼ 0.25, where R2;H ¼ 3:0828 and endemic equilibrium P
H ¼�

S
* ¼ 0:3173;H

*
1 ¼ 0:0027;H

*
2 ¼ 0:0259; I

*
1 ¼ 0:0173; I

*
2 ¼ 0:2242

�u
. Fig. 4 (a) and (b) confirm that if Rn;H >1, then

SðtÞ/ k
Rn;H

, HkðtÞ/ bukYk
j¼1

�
ajbj � tjfj

��1� 1
Rn;H

�
, IkðtÞ/ bvkYk

j¼1

�
ajbj � tjfj

��1� 1
Rn;H

�
as t / ∞, for n ¼ 1 and n ¼ 2, respectively.

The graph on the far left in Fig. 5 shows how the expected number of secondary HIV infections in stage 1 of infection
changes as a result of changes in the transmission rate b and the treatment rate in stage i using parameters in Table 2 with
e2 ¼ 0.05, t1 ¼0.08, t2 ¼ 0.12, f1 ¼1/3, f2 ¼ 1/4. The middle graph and the graph to the right show how the expected number
of secondary HIV infections in stages 1 and 2 of infections change as a result of changes in the treatment rate in stages 1 and 2
and the rate of dropping out of treatment. It is evident here that these numbers decrease as the treatment rates in stages 1 and
2 increase, and increase as the rates at which individuals drop out of treatment increases in stages 1 and 2. This confirms
Theorem 3.9 in the sense that R1;Hðt1/∞Þ ¼ 0:2985 is less than R1;Hðt1 ¼ 0Þ ¼ 0:5933, and R2;Hðt2/∞Þ ¼ 0:6197 is less
thanR2;Hðt2 ¼ 0Þ ¼ 1:5953.Although the population is in an endemic state in stage 2 of infectionwithR2;H ¼ 1:001, we see
Fig. 4. Graph of the trajectories of S, Hk, Ik, k ¼ 1, 2, …, n, for the cases where n ¼ 1 and 2, respectively, and Rn;H >1.
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Fig. 5. Graphs showing the impact of infections and treatments on the expected number of secondary infections R1;H and R2;H .
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here that treatment administered at a very high rate changes the dynamics of the population by reducing the number of
infection tremendously to R2;Hðt2/∞Þ ¼ 0:6197 so that the population now becomes disease-free on the long run.

3.3. Analysis of the TB-only model (2.11)

In this section, we discuss the stability analysis of the disease-free and endemic equilibrium of the TB-only model (2.11).

The disease-free equilibrium, denoted PT0 of the TB-only model (2.11) is given by

PT0 ¼ fS0; L0; T0;A0;R0g ¼ fk; 0;0;0;0g; (3.13)
where

S ¼ k

RT
;

T ¼ mq

t*ðt1qþ t2dÞ
ðRT � 1Þ;

A ¼ md

t*ðt1qþ t2dÞ
ðRT � 1Þ;

R ¼ mðpqþwdÞ
t*ðt1qþ t2dÞg

ðRT � 1Þ:
3.3.1. Stability analysis of the disease-free equilibrium PT0
The Jacobian of the population rates in (2.11) about PT0 is given by

A ¼

0BBBB@
�m 0 �t*t1k t*t2k 0
0 �z1 t*t1lk ðxþ t*t2lkÞ q
0 f �ðz2 � t*t1ð1� lÞkÞ t*t2ð1� lÞk 0
0 0 d �q 0
0 0 p w �g

1CCCCA:

We note here that z2 � t*t1ð1�lÞk>0 ifRT <1.We use Theorem 4.1 in Castillo-Chavez et al. (Castillo-Chavez& Song, 2004) to

show the local stability of the disease-free equilibrium PT0. To do this, we first show that the real part of all eigenvalues of A is
negative if RT <1. Let t be an eigenvalue of A. The characteristic polynomial of A can be written as

detðA� t I5�5Þ ¼ �ðtþmÞ detðM1;1 � t I4�4Þ; (3.14)

where I4�4 is a 4 � 4 identity matrix and M1;1 is the square matrix derived by deleting the first row and column of A.

Remark 1. The determinant detðAÞ can be computed as detðAÞ ¼ m½ðgz1z2 �fpqÞq� ðqwþgxÞf d�ð1�RT Þ. It follows directly

that detðAÞ<0 if RT >1. Since detðAÞ is the product of all the five eigenvalues of A, then it follows that one of the five
43
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eigenvalues ofA is real and positive ifRT >1. On the other hand, ifRT ¼ 1, then detðAÞ ¼ 0 and one of the eigenvalues ofA is
zero.

Theorem 5. The maximum real part of all eigenvalues of the matrixA is negative ifRT <1. At least one of the real eigenvalues ofA
is positive if RT >1. There exist a zero eigenvalue if RT ¼ 1

Proof.
Using (3.14), it suffices to show that the real part of all eigenvalues ofM1;1 is negative ifRT <1. Define B ¼ � M1;1. We can

write B in the form

B ¼ L U; (3.15)

where L and U are lower and upper diagonal matrices, respectively, with positive diagonal entries. The entries of L and U are
defined by

Li;j ¼ 0; for j> i;Li;i ¼ 1; for i ¼ 1;2;3;4;

L2;1 ¼�f



z1;L3;1 ¼ 0;L3;2 ¼ dz1
ðflþ ð1� lÞz1Þt*t1k� z1z2

;

L4;1 ¼ 0; L4;2 ¼ pz1
ðflþ ð1� lÞz1Þt*t1k� z1z2

;L4;3 ¼ t*kðflþ ð1� lÞz1Þðt2p� t1wÞ þ fxpþwz1z2
t*kðflþ ð1� lÞz1Þðt1qþ t2dÞ þ fxd� qz1z2

U i;j ¼ 0; for j< i;U1;1 ¼ z1;U1;2 ¼ �lt*t1k;

U1;3 ¼ �ðxþ lt*t2kÞ; U1;4 ¼ �q;U2;2 ¼ z1z2 � t*t1kðflþ ð1� lÞz1Þ
z1

;

U2;3 ¼ �fxþ t*t2kðflþ ð1� lÞz1Þ
z1

;U3;3 ¼ t*kðflþ ð1� lÞz1Þðt1qþ t2dÞ þ fxd� qz1z2
ðflþ ð1� lÞz1Þt*t1k� z1z2

;U4;4

¼ ðgz1z2 � fpqÞq� ðqwþ gxÞf d
qz1z2 � fxd� t*kðflþ ð1� lÞz1Þðt1qþ t2dÞ

ð1�RT Þ:

If RT <1, we have ðfl þ ð1 � lÞz1Þt*t1k� z1z2 <0, t*kðfl þ ð1 � lÞz1Þðt1q þ t2dÞþ fxd� qz1z2 <0; ðgz1z2 � fpqÞq� ðqw þ gxÞ
f d>0; qz1z2 � fxd� t*kðfl þ ð1 � lÞz1Þðt1q þ t2dÞ>0. Hence, Lj;j >0 and U j;j >0 for all j ¼ 1, 2, 3, 4. Since B is a Z-matrix, it

follows from relations D12 and J29 of (Plemmons,1977) that the real part of each eigenvalues of matrix B is positive, which is in
turn equivalent to the maximum real part, s

�
M1;1

�
, of M1;1 being negative. On the other hand, it follows from Remark 1 that

one of the real eigenvalues of A is positive if RT >1, and one of the eigenvalues is zero if RT ¼ 1. -

Theorem 6. The disease-free equilibrium PT0 of (2.11) is locally asymptotically stable if RT <1 and unstable if RT >1.

proof. The proof follows from Theorem 5. -

We give the proof of the global stability of the disease-free equilibrium PT0 in the feasible region

YTd

�
ðS; L; T ;A;RÞu2ℝ5

þ : 0 � NT � L

m

�
; (3.16)
where NT ¼ S þ L þ T þ A þ R, provided RT � 1.

Theorem 7. The disease-free equilibrium PT0 of (2.11) is globally stable in the feasible region YT if RT � 1.

Proof. Consider the Lyapunov function V : Rþ
5/Rþ defined by

VðS; L; T ;A;RÞ ¼
�
S� S0 � S0ln

S
S0

�
þ aLLþ aTT þ aAAþ aRR;
where
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aL ¼ f
flþ ð1� lÞz1

;

aT ¼ z1
flþ ð1� lÞz1

;

aA ¼ f ðqwþ gxÞt1 þ ðgz1z2 � fpqÞt2
gðflþ ð1� lÞz1Þðqt1 þ dt2Þ

>0 using Table 1;

aR ¼ fq
gðflþ ð1� lÞz1Þ

:

(3.17)

The derivative of V computed along solution of (2.11) is
dV
dt

¼ Lþ mS0 �LS0
.
S� mSþ ðaLlþ aT ð1� lÞ � 1Þt*ðt1T þ t2AÞS� TðaTz2 � t*t1k� aAd� aRpÞ

�AðaAq� t*t2k� aLx� aRwÞ � RðaRg � aLqÞ � t*trTLðaL � aT Þ � Lðz1aL � faT Þ:

If R � 1, then
T

aTz2 � t*t1k� aAd� aRp ¼ t*t1k
ð1�RT Þ

RT
� 0;

aAq� t*t2k� aLx� aRw ¼ t*t2k
ð1�RT Þ

RT
� 0;

aRg � aLq ¼ z1aL � faT ¼ aLlþ aT ð1� lÞ � 1 ¼ 0;

and
dV
dt

� �L

 
S0

S
þ S
S0

� 2

!
� 0;

using the fact that S0 ¼ k ¼ L=m and 1 ¼
�
S0
S

S
S0

�1=2
� 1

2

�
S0
S þ S

S0

�
. If RT � 1, then dV/dt ¼ 0 if and only if S]S0, L ¼ 0, T ¼ 0,

A ¼ 0. If RT ¼ 1, then dV/dt ¼ 0 if and only if S]S0. It follows that the largest invariant set of (2.11) contained in

fðS; L; T ;A;RÞu 2T T : dV =dt¼ 0g is the set fPT0g. The global stability of PT0 follows from the LaSalle invariant principle
(LaSalle, 1976). -

3.3.2. Effect of treatment on population infected with TB-only: model (2.11)
Here, wewish to study how the number of secondary infection produced by a TB-infected individual changes as treatment

is introduced into the system. In this case, we write RT≡RT ðdÞ as a function of d. We note here that if there are no individual
receiving treatment with respect to the model (2.11), (that is, if d ¼ 0), then (2.14) reduces to

~RT ¼ kgt*t1ðflþ ð1� lÞz1Þ
ðgz1z2 � fpqÞ ; (3.18)

where z2 is defined in Table 1. This is the expected number of secondary TB infection produced by a typical infected individual
in a population not receiving any form of treatment (d ¼ 0), when introduced into a population consisting of susceptible
individuals only (with respect to model (2.11)).

As d / ∞, it follows that RT ðdÞ/fT , where

fT ¼ t*t2gkðflþ ð1� lÞz1Þ
gðqz1 � fxÞ � fqw

: (3.19)

As the rate at which TB-infected individuals receiving treatment goes to infinity (meaning as every infected TB individuals

receive treatment), the reproduction number RT tends to fT. The derivative of RT ðdÞ with respect to d is dRT
dd ¼ m1m4�m2m3

ðm3dþm4Þ2
,

where m1 ¼ t*t2gkðfl þ ð1 � lÞz1Þ, m2 ¼ t*t1gkqðfl þ ð1 � lÞz1Þ, m3 ¼ gz1q � (qw þ gx)f, and m4 ¼ gz1qz2 � fpqq. Using the

fact that dRT
dd >0ð<0Þ if and only if fT > ~RT

�
fT < ~RT

�
, it follows that RT < ~RT if fT < ~RT and RT > ~RT if fT > ~RT . This analysis
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shows that if the transmission potential of TB at the beginning of TB treatment (d ¼ 0) is greater than the transmission
potential whenmaximum treatment is administered (d/∞), then the expected number of secondary TB infection produced
in a population containing TB treated and untreated individuals is lower than that produced in an untreated population. The
impact of not administering any form of treatment (d ¼ 0) on the expected number of infection is greater than the impact

resulting from everyone dropping out of treatment (x/∞) in the sense that ~RT >
kgt*t1ðflþð1�lÞz1Þ
ðgz1z2�fpqÞþgdm , where kgt*t1ðflþð1�lÞz1Þ

ðgz1z2�fpqÞþgdm is the

number obtained as lim
x/∞

RT .

3.3.3. Bifurcation analysis for TB-only model (2.11)
Center manifold theory has been widely used to completely determine the local dynamics of TB-models with exogeneous

re-infection, and it is well known that TB-models with exogeneous re-infection exhibit backward bifurcation (Castillo-Chavez
& Song, 2004; Sharomi et al., 2008). We analyze model (2.11) to see if the introduction of the parameter l (fraction of newly-
infected individuals with latent TB) and the reinfection parameter tr have effect on the expected reinfection-induced back-
ward bifurcation property. Write system (2.11) in the form

dx
dt

¼ f ðx; t*Þ; f : R5 � R: (3.20)

Choose t* to be a bifurcation parameter. Solving the equation RT ¼ 1 for t* gives the solution

t* ¼ ðgz1z2 � fpqÞq� ðqwþ gxÞf d
kgðt1qþ t2dÞðflþ ð1� lÞz1Þ

:

According to Remark 1, the matrix A has a zero eigenvalue if RT ¼ 1. Let w and v be the right and left eigenvectors of A
corresponding to the zero eigenvalue. Using Theorem 4.1 of Castillo (Castillo-Chavez& Song, 2004), wewish to show that the
numbers

8>>>>><>>>>>:
a ¼

Pn
k;i;j¼1

vkwiwj
v2fk
vxivxj

ðPT0; t*Þ;

b ¼
Pn

k;i¼1
vkwi

v2fk
vxivt

*
ðPT0; t*Þ;

(3.21)

are positive when evaluated at the disease-free equilibrium.
Computation of w, v, a and b.
It can be shown that the right and left eigenvectors of A corresponding to the zero eigenvalue are

w ¼
�
�t*kgðt1qþ t2dÞ

mðwdþ pqÞ ;
ð1� lÞ½ðqwþ gxÞdþ pqq� þ glqz2

ðwdþ pqÞðflþ ð1� lÞz1Þ
;

gq
wdþ pq

;
gd

wdþ pq
; 1

�

v ¼
�
0;

g
q
;

g
q
z1
f
;

ðgz1z2 � fpqÞt2 þ ðqwþ gxÞf t1
fqðt1qþ t2dÞ

; 1
�
:

Likewise, the numbers a and b are obtained as�
a ¼ 2w1t

*ðw3t1 þw4t2Þðv2lþ v3ð1� lÞÞ þ 2w2w3t
*trgz1=ðqf Þ;

b ¼ kðw3t1 þw4t2Þðv2lþ v3ð1� lÞÞ: (3.22)

It follows from Table 1 that v2l þ v3(1 � l) > 0 and hence b > 0. We state and prove the following theorems using (3.22).

Theorem 8. IfRT <1with jRT � 1j≪1 and tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2lÞ

w2w3gz1
, then the disease-free equilibrium PT0 of (2.11) is locally

asymptotically stable, and there exists a positive endemic unstable equilibrium.

proof. The condition tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2 lÞ

w2w3gz1
is equivalent to a > 0. The proof follows from Theorem 4.1, case 1 of Castillo

(Castillo-Chavez & Song, 2004).-

Theorem 9. Assume tr <
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2 lÞ

w2w3gz1
.WhenRT � 1 changes from negative to positive, the disease-free equilibrium

point PT0 changes its stability from stable to unstable.

Proof. The result follows from Theorem 4.1, case iv of Castillo (Castillo-Chavez & Song, 2004).

The following theorem shows the condition for existence of bifurcation.
46



Fig. 6. Graph of (a) the trajectories of S, L, T, A and R for the case where RT <1 and (b) effect of TB treatment on the expected number of TB infections.

Table 3
Parameter values for the epidemic model: Case study TB.

Parameter Description Default Value References

L Recruitment rate into the population 0.018year�1 [15, 24]
m Natural death rate L [15, 24]
p Natural recovery rate of active TB individuals 0.02
x Rate of dropping out of TB treatment 0.001
w Recovery rate due to TB treatments 0.3
q Reinfection rate for recovered TB individuals 0.004
f Rate at which latent TB individuals become active 0.03
d Treatment rate for active TB individuals 0.02
t1 Infectivity of untreated TB individuals 0.7
t2 Reduced TB infectiousness due to TB treatments 0.4
t* Transmission rate between susceptible and TB infected individuals 0.12
tr Reinfection rate for latent TB individuals 0.1

Fig. 7. Graph of the trajectories of S, L, T, A and R for the case where RT ¼ 1 and tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2 lÞ

w2w3gz1
.
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Theorem 10. If tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2lÞ

w2w3gz1
, then backward bifurcation occurs for the TB-only model (2.11) if RT ¼ 1.

proof. Clearly, b > 0. As discussed earlier, the condition tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2 lÞ

w2w3gz1
is equivalent to a > 0. The proof follows

from Theorem 4.1 of (Castillo-Chavez & Song, 2004). -
3.3.4. Numerical simulation for the TB-only model (2.11)
In this section, we give simulation result for the susceptible, TB infected population satisfying (2.11). The following graphs

verify the global stability criteria discussed in Section 3.3. All simulations are carried out using MATLAB R2018a.
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Fig. 8. Bifurcation diagram. Trajectory of the Endemic Equilibrium Points(EEP) of (2.11) as a function of t*.
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Fig. 6 (a) shows the trajectory of S, L, T, A and Rwith initial conditions (in percentages) S0 ¼ 0.51, L0¼ 0.1, T0¼ 0.1, A0 ¼ 0.15,
and R0 ¼ 0.15. Parameters’ unit are in year�1 and the values are given in Table 3. Here, RT ¼ 0:4416 and disease-free equi-

librium PT0 ¼
�
S
0 ¼ 1; L0 ¼ 0; T0 ¼ 0;A0 ¼ 0;R0 ¼ 0

�u
. It confirms that ifRT <1, then SðtÞ/k ¼ 1, L(t)/ 0, T(t)/ 0, A(t)/

0, and R(t)/ 0 as t/∞.Fig. 6 (b) shows how the expected number of secondary TB infection changes as a result of changes in
the TB treatment rate d and the treatment drop-out rate x using parameters in Table 3. The result shows that the expected
numberRT of secondary TB infections decreases as the treatment rate increases. Also, dropping out of TB treatment cause the
reproduction number RT to rise.

Remark 2. Endemic Equilibrium for the case RT ¼ 1.

For the case where tr >
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2lÞ

w2w3gz1
and RT ¼ 1, the unique endemic equilibrium PT1 ¼ fS*; L*; T*;A*;R*g of

system (2.11) is obtained as

S* ¼ qLðflþð1� lÞz1Þtrððpq�gz2ÞqþðqwþgxÞdÞ
½ðgz1z2� fpqÞq�ðqwþgxÞf d�½ðflþð1� lÞz1Þðqt1þdt2Þ�qmtr�

;

L* ¼ðflþð1� lÞz1Þðqt1þdt2Þððpq�gz2ÞqþðqwþgxÞdÞ
ðwdþpqÞðz1� f Þ½ðflþð1� lÞz1Þðqt1þdt2Þ�qmtr�

R*;

T* ¼w3R
*;

A* ¼w4R
*;

R* ¼ðwdþpqÞL½ðflþð1� lÞz1Þðqt1þdt2Þððgz1z2� fpqÞq�ðqwþgxÞf dÞþtrqmðz1� f Þfðl�1ÞðqwdþgxdþpqqÞ�glqz2g�
trqm½ðgz1z2� fpqÞq�ðqwþgxÞf d�½qwdþgxdþpqq�gqz2�

:

Fig. 7 shows the trajectory of S, L, T, A and Rwith initial conditions (in percentages) S0¼ 0.51, L0¼ 0.1, T0¼ 0.1, A0¼ 0.15, and
R0 ¼ 0.14. Parameters’ unit are in year�1. We use parameters in Table 3 with m ¼ 0.128, t* ¼ 0.2717, l ¼ 0.2, tr ¼ 60,
w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2lÞ

w2w3gz1
¼ 28:7622, where RT ¼ 1 and endemic equilibrium PT1 ¼�

S* ¼ 0:8928; L* ¼ 0:0013; T* ¼ 0:0106;A* ¼ 4:9487� 10�4;R* ¼ 0:0164
�u

. In this case, S(t)/ S*, L(t)/ L*, T(t)/ T*, A(t)

/ A*, and R(t) / R* as t / ∞ if RT ¼ 1.Fig. 8 shows the trajectory of the Endemic Equilibrium Points (EEP) of (2.11) as a
function of t* using the parameters m ¼ 0:07; p ¼ 0:02; x ¼ 0:5;w ¼ 0:3; d ¼ 0:2; t1 ¼ 0:7; t2 ¼ 0:3; q ¼ 0:4; l ¼ 0:7; f ¼
0:001; tr ¼ 2. In this case, tr ¼ 2>w1qf ðw3t1þw4t2Þðv3ðl�1Þ�v2 lÞ

w2w3gz1
¼ 0:724316. We note here that t* ¼ 1.725 is equivalent to RT ¼ 1.
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From the graph, we note that system (2.11) has two positive endemic equilibrium if t*< 1.72518 (or equivalently ifRT <1) and
one positive endemic equilibrium if t* > 1.72518 (or equivalently if RT >1).
3.4. Analysis of the overall model (2.3)

In this section, we discuss the stability analysis of the disease-free equilibrium P0 (defined in (A.5)) corresponding to the
overall model (2.3).

3.4.1. Stability analysis of the disease-free equilibrium P0 of model (2.3)
In this subsection, we first analyze the asymptotic stability of the disease-free quilibrium P0 by linearizing (2.3) about P0

and later discuss its global stability. By defining

J ¼ ðS� k H1 / Hn I1 / In C1 / Cn C1 / Cn U1 / Un L T CL CT A RÞu; (3.23)

the linearization of (2.3) about P0 is equivalent to

d J ¼ D J dt; (3.24)

where D ¼ A as defined in (2.7), with the block matrices D1,1 ≡D1,1(0), D1,2 ≡D1,2(0, 0), D2,2 ≡D2,2(0, 0) independent of noise
intensities. We note here that if R0;n <1, then a1 � bh1k>0 and z2 � t*t1k>0. We prove the local asymptotic stability of the
disease-free equilibrium P0 using the idea presented in (Otunuga, 2018) and relations D12 and J29 in the work of Plemmons
(Plemmons, 1977). We shall show that sðDÞ<0 if R0;n <1.

Theorem 11. The disease-free equilibrium P0 of the model (2.3) is asymptotically stable if R0;n <1.

Proof. AssumeR0;n <1. From the block structure of the matrix D, the eigenvalues of D are the collections of the eigenvalues of the
block matricesA (defined in (3.3)), G11 and G22. As shown in Theorem 2, all the eigenvalues ofA are negative ifRn;H <1. Likewise,

following the same idea in Theorem 6 and the fact that the matrix -G222Z4 is a Z- matrix, it can be shown that the real part of all

eigenvalues of G22 is negative ifRT <1. Lastly, the determinant detðG11Þ ¼ ð�1Þn
Qn

j¼1
�
djdjej � shdj � shdj

�
,where djdjej � shdj�

shdj >0 for all j ¼ 1, 2, …, n. This shows that detðG11Þ is negative (or positive) if the value of n is odd (or even), respectively.
Following similar approach in Theorem 2, it follows that the real part of all eigenvalues of G11 is negative. Thus, sinceRn;H � R0;n

and RT � R0;n, it follows that the real part of all eigenvalues of D is negative.
-

3.4.2. Numerical verification of asymptotic stability of equilibrium point for the overall model (2.3)
In this section, we give simulation result for the trajectory of the susceptible, HIV and TB co-infected population satisfying

(2.3) using demographical data published in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar
et al., 2013; The CASCADE Collaboration; Collaborative Group on AIDS, 2000) and estimated parameters. The following graphs
verify the global stability criteria discussed in Section 3.4.

Fig. 9 shows the trajectory of H1, I1, L, T, CL, CT, C1, C1, U1, A for the case where R0;1 <1. We use the initial conditions (in
percentages) S0 ¼ 0.36, H10 ¼ 0.15, I10 ¼ 0.1, T0 ¼ 0.15, C0 ¼ 0.05, C10 ¼ 0.03, U10 ¼ 0.02, A0 ¼ 0.06, R0 ¼ 0.08. Parameters’ unit
are in year�1 and parameters b ¼ 0.6, h1 ¼ 2.76, m ¼ 0.026, r1 ¼ 1/0.271, e1 ¼ 0.01, t1 ¼ 0.5, f1 ¼ 0.7, g1 ¼ 1/8.21, s ¼ 0.08,
n1 ¼ 0.09, p ¼ 0.02, x ¼ 0.001, w ¼ 0.3, q ¼ 0.004, d ¼ 0.1, t1 ¼ 0:7, t2 ¼ 0:7, t3 ¼ 0:7, t* ¼ 0.1, r1 ¼ 1/0.4, h ¼ 0.3, s ¼ 0.202,

91 ¼ 1/9.5, 92 ¼ 1/70, j ¼ 0.07, f1 ¼ 2, f2 ¼ 0.09, eL ¼ eT ¼ 0.22, where R0;1 ¼ 0:4403 and disease-free equilibrium PH0 ¼�
S0 ¼ 1;H0

1 ¼ 0; I01 ¼ 0; T0 ¼ 0;C0
L ¼ 0;C0

T ¼ 0;C0
1 ¼ 0;C

0
1 ¼ 0;U0

1 ¼ 0;A0 ¼ 0;R0 ¼ 0
�u

. Fig. 9 confirms that if R0;1 <1, then

SðtÞ/k ¼ 1, H1(t) / 0, I1(t) / 0, T(t) / 0, C0
L/0;C0

T/0, C1(t) / 0, C1ðtÞ 0, U1(t) / 0, A(t) / 0, and R(t) / 0 as t / ∞.
3.5. Stability of disease-free equilibrium P0 of (2.1)

In this section, we analyze the noise influenced population (2.1) based on the results derived in Sections (3.1), (3.3), and
(3.4).

Theorem 12. The real part of all eigenvalues of A is negative if R0,n < 1.

Proof. The result follows from Theorem 11 by replacing kbh1 with kbh1 þ s2h;1k
2b2=2 and t*t1k with t*t1kþ ð1 � lÞt2*k

2s2t;nþ3=

2.

Theorem 13. The trivial solution F ¼ 0 of (2.7) is asymptotically stable in probability in the feasible region Y if R0,n < 1.

proof. A similar proof is given in Otunuga (Otunuga, 2018, 2020).-
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Theorem 14. The disease-free equilibrium P0 of the system (2.1) is asymptotically stable in probability in the feasible region Y if
R0,n < 1.

To prove this, we show that Theorem 7.1 of Khasminskii (Rafail, 2012, p. 66) is satisfied. Let f and g be the drift and diffusion
coefficients, respectively, of (2.7), and F and G be the drift and diffusion coefficients, respectively, of the system derived by
substituting F into (2.1).

Proof. Assume R0,n < 1. It follows from Theorem 14 that the trivial solution F ¼ 0 of (2.7) is asymptotically stable in
probability. Following Theorem 6.2 of Otunuga (Otunuga, 2020), it can be shown that in a sufficiently small neighborhood of
F ¼ 0, there exists a sufficiently small constant 3> 0 such that

kFðt;FÞ� f ðt;FÞkþkGðt;FÞ� gðt;FÞk < ekFk:
The proof follows from Theorem 7.1 of Khasminskii (Rafail, 2012, p. 66). -.
3.5.1. Conditions for short-time disease outbreak
In this section, we seek conditions under which small perturbations to the disease-free equilibrium P0 can initially grow.

Assume8>>>>><>>>>>:
1 � Rn;H <1þ 1

2

 
b1s

2
1b

2k2

a1b1 � t1f1

!
; and

1 � RT <1þ 1
2
gk2t2*qð1� lÞs2t;nþ3ðflþ ð1� lÞz1Þ

ðgz1z2 � fpqÞq� ðqwþ gxÞf d

(3.25)
or equivalently,8>>>>><>>>>>:
1� 1

2

 
b1s

2
h;1b

2k2

a1b1 � t1f1

!
� Rn;H <1; and

1� 1
2
gk2t2*qð1� lÞs2t;nþ3ðflþ ð1� lÞz1Þ

ðgz1z2 � fpqÞq� ðqwþ gxÞf d � RT <1

(3.26)

Equation (3.25) shows a condition for epidemic growth as a result of noise, while equation (3.26) shows that the epidemic
growth occurs initially, with the growth caused by perturbations in the transmission rates of HIV-only and TB-only infected
untreated individuals with noise intensities sh,1 and st,nþ3, respectively.

3.5.2. Numerical verification of stability of disease-free equilibrium point for model (2.1)
In this section, we give simulation results for the susceptible, HIV/AIDS & TB infected population satisfying the stochastic

model (2.1) using demographical data presented in Section 3.4.2. Numerical simulations are carried out using the composite
Fig. 9. Graph of the trajectories of H1, I1, L, T, C, CL, CT, C1, C1, U1, A for case R0;1 <1.
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Euler method (a combination of the semi-implicit Euler and the Implicit Euler method). The following graphs verify the
stochastic asymptotic stability criteria discussed in Section 3.5.

We use the initial conditions and parameters presented in Subsection 3.4.2 with noise intensities sh,1 ¼ 0.3, sh,2 ¼ 0.21,
sh,3 ¼ 0.23, where R0,2 ¼ 0.9611. Fig. 10 ((a)- (b)) and 11 ((a)- (b)) confirm that if R0,n < 1, n ¼ 1 and n ¼ 2, respectively, then
SðtÞ/k ¼ 1 and Hk(t)/ 0, Ik(t)/ 0, T(t)/ 0, C(t)/ 0, Ck(t)/ 0, Uk(t)/ 0, A(t)/ 0, R(t)/ 0 as t/∞, for k¼ 1, 2. We use
the initial conditions and parameters presented in Fig. 11 with noise intensities sh,1 ¼0.5, sh,2 ¼ 0.3, sh,3 ¼ 0.23, whereR1;H ¼
0:4403, R2;H ¼ 0:8540, RT ¼ 0:7160, R0;1 ¼ 0:7160, R0;2 ¼ 0:8540, R1,H ¼ 0.4735, R2,H ¼ 0.9204, RT ¼ 1.3436,
R0,1¼ R0,2¼1.3436. These results suggest that there is epidemic advances caused by noise intensity in the transmission rate of
TB disease. These advances can be seen in the trajectories of the functions T, C, A, U1, U2, H2.

Fig.12 ((a)- (b)) confirm that ifR0;2 <1 and R0,2> 1, therewill be transient epidemic advances, even if SðtÞ/k ¼ 1 andHk(t)
/ 0, Ik(t) / 0, T(t) / 0, C(t) / 0, Ck(t) / 0, Uk(t) / 0, A(t) / 0, R(t) / 0 as t / ∞, for k ¼ 1, 2.

4. Discussion

In this paper, we present a deterministic and stochastic HIV/AIDS & Tuberculosis epidemic model describing the co-
infection of HIV/AIDS and Tuberculosis diseases between individuals susceptible to both HIV and TB, infected with HIV but
not receiving any kind of treatment (and in stage/phase k ¼ 1, …, n of infection), HIV infected individuals under the Anti-
retroviral treatment (and in stage/phase k ¼ 1, …, n of infection), TB infected untreated individuals susceptible to HIV, TB
infected individuals under TB treatment, individuals who recovered from TBwith temporal immunity, individuals co-infected
with HIV and TB, individuals co-infected with HIV and TB and undergoing different phases of TB treatment, and individuals
infected with HIV and TB undergoing HIV treatment and different phases of TB treatment. We also considered the effect of
noise/perturbations in the transmission rate of the diseases. We are particularly interested in how the diseases are trans-
mitted at various stages of the disease and phases of treatment and the effect of noise and treatments on the long-term
behavior of the population. We obtain the basic deterministic reproduction numbers for the models containing HIV-only,
TB-only, and HIV-TB co-infection population in (2.10), (2.11) and (2.3), respectively. By studying the reproduction number
of the general model containing the entire population, our analysis shows that there are no impact of treating co-infected
populations on R0;n. In order to study the effect of the ART (and TB) treatments, we derive the basic reproduction

numbers, ~Rn;H (and ~RT ), derived from the HIV-only (and TB-only) model in the absence of treatments. Our result confirms
that the transmission potential of HIV (and TB) in a population under treatment is lower than the transmission potential in an
untreated population if the number of secondary infection produced by a typical infected individual under the treatment is
lower than the number of secondary infection produced by a typical infected individual receiving no treatment in the
Fig. 10. Graph of the stochastic trajectories of S, H1, I1, T, C, C1, U1, A and R for the cases where R0,1 < 1.

Fig. 11. Graph of the stochastic trajectories of S, Hj, Ij, T, C, Cj, Uj, A and R for j ¼ 1, 2, for the case where R0,2 < 1.
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Fig. 12. Graph of the stochastic trajectories of S, Hj, Ij, T, C, Cj, Uj, A and R for j ¼ 1, 2, for the case where R0;2 <1 and R0,2 > 1.

O.M. Otunuga Infectious Disease Modelling 9 (2024) 27e55
population. We discuss the stability of the disease-free and endemic equilibrium by showing that if the reproduction number
Rn;H � 1 ðRT � 1Þ, the disease-free equilibrium derived from the HIV-only (TB-only) model is globally asymptotically stable
in the feasible region. Likewise, we show that extinction occurs if the disease-free equilibrium corresponding to (2.3) is
globally stable, given the thresholdR0;n � 1. Also, we further show that ifRn;H >1 ðRT >1Þ, the endemic equilibrium derived
fromHIV-only (TB-only) model is globally asymptotically stable. Similar result is shown for the case where noise is present in
the transmission rates of the HIV/AIDS and TB diseases. We show that even if R0;n <1 and R0,n > 1, there will be transient
epidemic advances in the population. Numerical results are carried out to verify our claim using demographical data pub-
lished in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar et al., 2013; The CASCADE
Collaboration; Collaborative Group on AIDS, 2000).
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Appendix A. Reproduction numbers for HIV-only and TB-only infected populations for model (2.3)

Appendix A.1. Basic reproduction number, R0;n, for model (2.3)

In this section, we derive an expression for the basic reproduction number, R0;n, corresponding to (2.3) using the next-
generation matrix method. We define R0;n as the expected number of secondary cases produced, in a completely suscepti-
ble population, by a typical infective individual (Diekmann, Heesterbeek, &Metz, 1990; Driessche &Watmough, 2002). Since
individuals can be infected with either HIV or TB, then, in order to derive the expression forR0;n, we first find the expression
for the basic reproduction numbersRn;H , andRT corresponding to the sub-models of (2.3) involving population infected with
HIV only and TB only, respectively.

Appendix A.1.1. Basic reproduction number Rn;H
The sub-model of (2.3) involving the presence of HIV disease only is given by (2.10).
We note here that system (2.10) is an extension of model (2.3) discussed in the work of Otunuga (2018) (Otunuga, 2018)

since the reduced infectivities ek, j¼ 1, 2,…, n, the treatment rates tk, j¼ 1, 2,…, n and treatment dropout rates fk, j¼ 1, 2,…, n
may vary. Here, we define the basic reproduction number Rn;H corresponding to model (2.10) as the expected number of
secondary cases produced, in a completely susceptible population receiving treatment, by a typical HIV infective individual

only (Diekmann et al., 1990). We consider model (2.10) in the feasible region YH in (3.5) with NH ¼ Sþ
Pn
j¼1

�
Hj þ Ij

�
. The model

(2.10) has disease-free equilibrium PH0 given in (3.1). In the presence of Antiretroviral Therapy (ART) treatments, we derive the
reproduction numberRn;H with respect to (2.10) using the next-generationmatrix (Driessche&Watmough, 2002). Following
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the work of Otunuga (2018) (Otunuga, 2018) and Otunuga (2020) (Otunuga, 2020), the reproduction numberRn;H is obtained
as

Rn;H ¼ kb
Xn
k¼1

266664 ukhk þ ekvkYk
j¼1

�
ajbj � tjfj

�
377775;

where uk and vk satisfy�
uk ¼ bkrk�1uk�1 þ fkgk�1vk�1;
vk ¼ tkrk�1uk�1 þ akgk�1vk�1; for k ¼ 1;2;…;n;

and r0 ¼ 1; u0 ¼ 1; g0 ¼ 1 and v0 ¼ 0. We note here that ajbj � tjfj ¼ (m þ rj)bj þ tj(m þ gj) > 0 for j ¼ 1, 2, …, n.

Remark 3. Reproduction number in the absence of treatment

We also note here that if there are no HIV infected individual receiving treatment with respect to model (2.10), that is, if
tk ¼ 0 c k ¼ 1, …, n, then model (2.10) reduces to

dS ¼
 
L� bS

Pn
j¼1

hjHj � mS

!
dt; Sðt0Þ ¼ S0;

dH1 ¼
 
bS
Pn
j¼1

hjHj � ðmþ r1ÞH1

!
dt; H1ðt0Þ ¼ H01;

dHk ¼ ðrk�1Hk�1 � ðmþ rkÞHkÞ dt; Hkðt0Þ ¼ H0k:

(A.1)
and uk ¼
Qk

j¼1
�
bjrj�1

�
for k ¼ 1, 2, …, n. In this case, the basic reproduction number Rn;H reduces to

~Rn;H ¼ kb
Xn
r¼1

24hrYr
j¼1

 
rj�1

mþ rj

!35: (A.2)

This is the expected number of secondary infection produced by a typical untreated infected individual when introduced into
a population consisting of susceptible individuals only.

Appendix A.1.2. Basic reproduction number RT for the TB-only model
The sub-model of (2.3) involving the presence of TB disease only is given by (2.11). Here, we define the basic reproduction

number RT corresponding to model (2.11) as the number of TB infections produced by an active TB case. We consider model
(2.11) in the feasible region YT described in (3.16). The model (2.11) has disease-free equilibrium

PT0dfS0; L0; T0;A0;R0g ¼ fk;0;0;0;0g: (A.3)
For the next-generationmatrix, we consider equations corresponding to the infected compartments T, and A. The nonnegative
matrix, F , and nonsingular matrix, V, corresponding to the new infections in the population (evaluated at the disease-free

equilibrium PT0 with respect to (2.11)) and the transfer of individuals in and our of compartment, respectively, are given by

F ¼ t*k

0BB@
0 t1l t2l 0
0 t1ð1� lÞ t2ð1� lÞ 0
0 0 0 0
0 0 0 0

1CCA; V ¼

0BB@
z1 0 �x �q
�f z2 0 0
0 �d q 0
0 �p �w g

1CCA; (A.4)
It follows that the spectral radius, RT , of the next generation matrix FV�1 is given by

RT ¼ kgt*ðt1qþ t2dÞðflþ ð1� lÞz1Þ
ðgz1z2 � fpqÞq� ðqwþ gxÞf d :

It is easy to show that (gz1z2 � fpq)q � (qw þ gx)fd > 0 using Table 1.
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Appendix A.1.3. The overall basic reproduction number R0;n corresponding to (2.3)
Here, we derive the expression for the basic reproduction number, R0;n, corresponding to (2.3). The model (2.3) has

disease-free equilibrium

P0d
n
S0;H0

1;…;H0
n; I

0
1;…; I0n;C

0
1;…;C0

n;C
0
1;…;C

0
n;U

0
1;…;U0

n; L
0; T0;C0

L ;C
0
T ;A

0;R0
o
¼ fk;01�5nþ6g: (A.5)
Define dj, dj, q, and ej, j¼ 1, 2,…, n as in Table 1. For any vectors x; y2Rn and scalar c2R, define thematricesMx,y, Ix , and Ix

as in (2.6). Let h and e be the vectors h ¼ ð h1 h2 / hn Þ and e ¼ ð e1 e2 / en Þ, respectively. The non negative matrix,
F, and nonsingular matrix, V, corresponding to the new infections in the population (evaluated at the disease-free equilibrium
P0) and the transfer of individuals in and our of compartment, respectively, are given by

F ¼

0@ F11 F12 F13
03n�2n 03n�3n 03n�6
06�2n F3;2 F33

1A; V ¼

0@ V11 02n�3n 02n�6
03n�2n V22 V23
06�2n 06�3n V33

1A; (A.6)

where F11 ¼ bk

�
h e

02n�1�2n 02n�1�2n

�
, F12 ¼ bk

0BB@
f1 … fn f1 … fn s … s
0 … 0 0 … 0 0 … 0
« 1 « « 1 « « 1 «
0 … 0 0 … 0 0 … 0

1CCA
2n�3n

,

F13 ¼ bk

0BB@
0 0 v1 v2 0 0
0 0 0 0 0 0
« 1 1 «
0 0 0 0 0 0

1CCA
2n�6

,

F32 ¼ t*kf

0BBBB@
f1l / fnl f1l / fnl sl / sl

f1ð1� lÞ / fnð1� lÞ f1ð1� lÞ / fnð1� lÞ sð1� lÞ / sð1� lÞ
0 / 0 0 / 0 0 / 0
« / « « / « « / «
0 / 0 0 / 0 0 / 0

1CCCCA
6�3n

,

F33 ¼ t*k

0BBBB@
0 t1l 0 t3l t2l 0
0 t1ð1� lÞ 0 t3ð1� lÞ t2ð1� lÞ 0
0 0 0 0 0 0
« « 1 1 « «
0 0 0 0 0 0

1CCCCA
6�6

, V11 ¼ �
�
Mr;a If

It Mg;b

�
, V22 ¼ �

0@Mr;d 0n�n I s

0n�n Me;d I s
Ih Ih M9;e

1A

defined in (2.6), V23 ¼ G12 defined in (2.7), V33 ¼

0BBBBBB@
z1 0 0 0 �x �q
�f z2 0 0 0 0
0 0 dL 0 0 0
0 0 0 dT 0 0
0 �d 0 0 q 0
0 �p 0 0 �w g

1CCCCCCA. The next generation matrix FV�1 is of the

form

FV�1 ¼

0BBB@
GH GHT GTH

03n�2n 03n�3n 03n�6

06�2n F32V
�1
22 GT

1CCCCA (A.7)

whereGH ¼ F11V
�1
11 , G

HT ¼ F12V
�1
22 , G

TH ¼ ðF13 � F12V
�1
22 V23ÞV�1

33 , and GT ¼ ðF33 �F32V
�1
22 V23ÞV�1

33 are 2n� 2n, 2n� 3n, 2n� 6,

and 6� 6matrices, respectively. Since the next generation matrix FV�1 has GH (generation matrix for HIV-onlymatrix), a zero
matrix and GT (generation matrix for TB-only matrix) in its block diagonal entries, it follows directly that the spectral radius,
R0;n, of the next generation matrix FV�1 in (A.7) is given by

R0;n ¼ max
�
Rn;H;RT

�
: (A.8)
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