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fluence of random perturbations. This is achieved by constructing a stochastic epidemic
model describing the transmission and treatment of the diseases. The model is created
with the assumption that transmission rates fluctuate rapidly compared to the evolution of
the untreated diseases. The basic reproduction numbers corresponding to the population
with HIV infection only (with n stages of infections and treatments), the population with

g(fgcvgzzzfc model tuberculosis infection only, and the overall population with co-infection (with n stages of
HIV/AIDS infection/treatments) are derived in the presence and absence of noise perturbations.
Tuberculosis These are used to discuss the long term behavior of the population around a disease-free
Treatment equilibrium and an endemic equilibrium, and to analyze the effect of noise and treatments
Global stability on the system. We also showed conditions under which TB infected population dynamic
Reproduction number undergoes backward bifurcation and give conditions for disease eradication in the entire

population. Analysis shows that small perturbations to the disease-free equilibrium can
initially grow under certain conditions, and the introduction of TB treatment is effective in
eliminating the co-infection. Numerical simulations are presented for validation of our
results using published parameters.
© 2023 The Authors. Publishing services by Elsevier B.V. on behalf of KeAi
Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Several authors (Birrell, Presanis, & De Angelis, 2012; Granich, Gilks, Dye, De Cock, & Williams, 2009; Hollingsworth,
Anderson, & Fraser, 2008; Kretzschmar, Schim van der Loeff, Birrell, Angelis, & Coutinho, 2013; Otunuga, 2018) have stud-
ied mathematical models governing the transfer of HIV infections in humans and various stages of the disease. In their work,
Birrell et al. (Birrell et al., 2012) studied different states of HIV progression in homosexual men while a collaborative analysis
of the time from HIV-1 seroconversion stage to AIDS and to death is studied extensively by the group on AIDS Incubation and
HIV Survival in Europe (Collaborative Group on AIDS, 2000). HIV and AIDS continue to remain a serious health issue for most
countries in the world (Center for Disease Control and Prevention, 2017a). Without treatment of HIV/AIDS with Antiretrovial
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medicine (United States Department of Health and Human Services, 2017), HIV infection advances into several stages and
individuals with AIDS typically survive about 3 years (Center for Disease Control and Prevention, 2017b; Otunuga, 2018).

Tuberculosis (TB) disease, which could be inactive (called latent TB) or active (called TB disease), is another health issue for
the part of the world. According to UNAIDS (UNAIDS. Tuberculosis and HIV), Tuberculosis (TB) is the top infectious killer
worldwide, claiming around 4400 lives a day. According to the World Health Organization (WHO) (Tuberculosis and HIV:
World Health Organization, 2018), TB risk is higher in people living with HIV (about 16—27 times higher) than those
without the infection. Several works have been done to study HIV/AIDS and TB co-infection (Barnes et al., 1991; Bekker and
Wood, 2010; Sonnenberg et al., 2005). The risk of death in co-infected individuals is twice that of HIV infected individuals
without TB because Tuberculosis accelerates the progress of HIV infection. Reducing TB deaths among people living with HIV
by 75% by 2020 is one of the major priority of the United Nations Member States (UNAIDS. Tuberculosis and HIV). This is in an
effort to stop people living with HIV from getting sick and dying as a result of the TB infection.

There is no cure for HIV infection. The antiretroviral therapy (ART) treatment can help prevent HIV infected individuals
from advancing to the next stage of the infection by reducing the risk of transmission. According to WHO (World Health
Organization, 2018), the antiretroviral therapy helps to reduce the number of people dying from HIV-related causes. This
number reduces significantly in 2015 to 45% fewer than in 2005. The Centers for Disease Control and Prevention (CDC) (Center
for Disease Control and Prevention, 2017¢) recommends a treatment for latent TB infection which includes a new combination
regimen of isoniazid and rifapentine taken weekly for 12 weeks.

Existing mathematical epidemiological models (Granich et al., 2009; Kretzschmar et al., 2013; Mallela, Lenhart, & Vaidya,
2016; Naresh, Tripathi, & Sharma, 2009; Otunuga, 2018; Sharomi, Podder, & Gumel, 2008) on HIV and TB co-infection has
shed light on the diseases’ transmission dynamics. In this paper, we discuss transmission and treatment of the HIV/AIDS and
TB diseases. We are particularly interested in how the diseases are transmitted at various stages of infection and phases of
treatment. Dynamic model is developed to explore the transmission and treatment of HIV and TB infections at different stages
of the disease and phases of treatment. Also, co-infection of the HIV and TB diseases is analyzed by constructing a deter-
ministic and stochastic models describing progression of susceptible populations through n stages of HIV-TB infections and
treatments. We assume that HIV infected individuals can go through any of the n stages of HIV infection and that infected
individual in stage k of the infection can receive the ART treatment. Also, we assume that the HIV-TB co-infected individual
can go through any n phases of treatment.

In their work, Grassly et al. (Grassly & Fraser, 2006) explains different causes of seasonality in infectious diseases of
humans and give different representations of the transmission rate based on the causes of seasonality. The effects of fluc-
tuations in transmission rate of diseases have also been widely explored by several authors (Hattaf, Mahrouf, Adnani, & Yousfi,
2018; Horsthemke & Lefever, 1984; Keeling & Ross, 2008; Mendez, Campos, & Horsthemke, 2012; Otunuga, 2017, 2018, 2019).
According to the work of Mendez et al. (Mendez et al., 2012), demographic noise or internal fluctuations are due to the
discrete nature of the constituents of the population and external fluctuations in transmission rate could be caused by varying
susceptibilities between individuals, variability in the number of contacts between infected and susceptible individuals, etc.
We assume in this work that external fluctuations in the transmission rates of HIV/AIDS and Tuberculosis can be caused by
variability in the number of contacts between untreated infected (HIV-only, TB-only and HIV & TB co-infected individuals)
and susceptible individuals and such random variations can be modeled by a Gaussian white noise process. This is because
such random variations occur on a short time scale compared to that of the epidemic dynamics. We confirm the claim that
external noise can affect the stability of the disease-free equilibrium and also show that transient epidemic advances can
occur due to the presence of external noise.

The paper is organized as follows. In Section 2, we present a stochastic and deterministic HIV & TB co-infection epidemic
models describing the transmission and spread of the diseases in different stages of infections and treatments. The models are
presented in the presence and absence of noise. The basic reproduction numbers for the populations with HIV disease only, TB
disease only, and HIV & TB co-infections in the presence of noise are calculated. These numbers are also calculated in the
absence of noise in Appendix A.1. In Section 3, the stability of the equilibrium points of the models describing populations
with HIV disease only, TB disease only, and HIV & TB co-infection are analyzed. The condition for the occurrence of backward
bifurcation is analyzed. The effect of treatments on the expected number of secondary infections is discussed. Thresholds for
disease eradication and transient epidemic advances in the presence of noise are discussed. Numerical simulations are
presented using published parameters to support our claims. Summary and conclusion of this work is given in Section 4.

2. Methods

In order to study the transmission, spread, treatments of HIV/AIDS, Tuberculosis, and co-infection of both diseases, we
formulate a stochastic model by first subdividividing the total population N(t) at time ¢ into population (S) susceptible to both
HIV and TB, HIV infected (untreated) population (#}) in stage/phase k of the infection and susceptible to TB, HIV infected
population (Z},) in stage/phase k of infection under the Antiretroviral treatment, individuals infected with TB in latent stage (£),
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TB infected (untreated) population (7) in active stage and susceptible to HIV, TB infected population (.4) under TB treatment,
population (R) who recovered from TB with temporal immunity, population (C;) of untreated dual-infected individuals (with
both diseases) having latent TB and HIV infection, population (C7) of untreated dual-infected individuals with active TB and HIV
infection, population (C;) with dual infection having HIV infection and in stage k of TB treatments, population (C;) with dual
infection having active TB and in stage k of HIV treatments, population (Z/;) with dual infection treated of TB and in stage k of
HIV treatment, for k = 1, 2, ..., n. All recruitment is into the susceptible class, and occurs at a constant rate AN. We assume that
treated individuals are also infectious and that individuals in stage k of HIV infection (that is, those in class (#)) are more
infectious than those in stage k — 1. Likewise, we assume individuals in stage k of HIV treatment (that is, those in class (Z)) are
less infectious than those in stage k — 1 of treatment and that individuals in the latent TB class do not transmit infection.
Infected (treated or untreated) HIV and TB individuals are capable of transmitting HIV or TB (but not the mixed infection).
Treated individuals (with single or dual infection) transmit disease at a lower rate than those that are untreated. According to
Kwan (Kwan & Ernst, 2011), TB accelerates the progression of HIV infection and treatment with ART decreases incidence of TB.
They also state in their work that HIV infection increases the progression to reactivation of TB. For these reasons, we assume that
dually-infected individuals with active TB transmit HIV at a higher rate than dual infected individuals with latent TB. Also, we
assume dually-infected individuals under HIV ART treatment (with active TB) transmits TB at a lower rate than dually-infected
individuals receiving no ART treatment.

We note here that the deterministic model described in this work is an extension of the work of Sharomi et al. (Sharomi et al.,
2008) from a 2-stage HIV infection class (asymptotic and symptomatic stage) to an n-stage HIV infection class, with n-phase of
HIV treatments, n-stages of dual infections, and an additional compartment for the recovered class R. We also study the effects
of noise on the transmission rates and infectivities of HIV and TB. We assume that variability in the number of contacts between
infected individuals (receiving some sort of treatments) and susceptible individuals is insignificant due to their awareness of the
disease and the treatment they are receiving. We also assume that there is fluctuation in the infectivity parameters of untreated
individuals in stage k of the HIV, untreated TB, and of co-infected HIV & TB, infections. In addition, we assume.

1. Susceptible individuals get exposed to HIV when in contact with HIV only infected individuals with force of infection 8y
~ n T
which is directly proportional to H; and Iy and described by 8y = 21 (W) where § is the rate of transmission
]:

between susceptible and infected HIV individuals, flk is the noise-induced infectivity of untreated HIV individuals in stage
k of infection, ¢ quantifies the reduced HIV infectiousness due to ART treatment in stage k of infection. The parameter flj is
assumed to fluctuate rapidly (compared to the evolution of the disease) around an average value hy so that fzk = hy+
ok Enk(t), k=1,2,...,nand the rate By reduces to

=

n
where By =6 (W) Epj(t),j = 1,2, ..., nare standard Gaussian white noise and op; > 0,j = 1, 2, ..., n, are noise in-
j=1

tensities due to fluctuations in infectivities of HIV/AIDS untreated individuals in stage j of infection.

2. Susceptible individuals get exposed to TB when in contact with TB only individuals at a rate BT =T« (W) where 7« is
the rate of transmission between susceptible and infected TB individuals, 7; is the noise-induced infectivity of untreated
TB individuals, 7, quantifies the reduced TB infectiousness due to TB treatment. The parameter 7 is assumed to fluctuate
around an average value 7; so that 7y = 7,1 + 0, 3&; 1, 3(t) and ﬁT reduces to

. Ur‘n+3gr,n+3(t)T
Br =Br + 7= (* )

where 87 = 7« (W) & ny3(t) is a standard Gaussian white noise, ¢;,43 > 0 is the noise intensity for the untreated TB.

3. Untreated HIV and TB infected individuals (i.e those in class C; and Cy) transmit HIV at a rate
BLT =0 ('”CLN”ZCT> where 74 is the infectivity of HIV and latent TB co-infectiousness, 7, is the infectivity of HIV and active

29



O.M. Otunuga Infectious Disease Modelling 9 (2024) 27—-55

TB co-infectiousness. The parameters are assumed to fluctuate around average values »; and »;, respectively, so that 7, =
Y+ 0y nikvnik(t), k =1,2,and 8,7 reduces to

2 0y 141En41CL + Oy n2Ey n2Cr
Bir = Bir + 5( N )

where ;1 =0 (%) &y n4j(t),j = 1,2 are standard Gaussian white noise and 0,041 >0, 63,142 > 0 are the noise intensities
of the white noise due to fluctuations in infectivities of coinfected HIV & TB in class C; and class Cr, respectively.

4. Untreated HIV and TB infected individuals with active TB in class (Cr) transmit TB at a rate 77 = T*%%, where 7« is the rate
of transmission between susceptible and infected TB individuals, 75 is the infectivity of co-infected HIV & TB individuals,
assumed to fluctuate around average value 73 so that 73 = 75 + 073E n4(t), and 87 reduces to

A Jr,n+4gr,n+4(t)CT
6” - ﬁTT + T < N )

where @17 = nﬁ%, & nya(t) is standard Gaussian white noise and o; ;.4 > 0 is the noise intensity for the HIV & TB co-
infectiousness.

5. Treated individuals with mixed infections transmit HIV at a rate

[ §,Ci+,Ci+0U; . : . .
By =8> (%) where ¢y is the reduced HIV and TB co-infectiousness due to TB treatment in phase k of TB
J=1

treatment, ¢y, is the reduced HIV and TB co-infectiousness due to HIV treatment in phase k of HIV treatment, and ¢ is the
reduced HIV and TB co-infectiousness due to ART and TB treatments. n __
6. Treated individuals with mixed infections transmit TB at a rate By = 7+¢ 5 (W)

. . . . =1 oy L . .
7. Individuals with latent TB only are reinfected (exogeneously) after effective’contact with individuals in active TB class at a
rate B = T*Tr%, where 7, is the reinfection parameter.
8. Individuals with latent TB only are reinfected (exogeneous) after effective contact with individuals having mixed infection
at a rate

n 1 -C: . .
B = T 3 (W) with 7, > 0.
j=1

9. Individuals in C; are reinfected (exogeneous) at a rate gy, = 7+7r¢ i (W)
j=1

Also, we define 7y and ¢y as the rates per year of moving from HIV untreated to HIV treated population (rates per year of
receiving HIV treatment), and from HIV treated to HIV untreated population (rates per year of stopping HIV treatment) in
stage k of infection, respectively. The natural death rate is u and pi and y are transition rates from stage k to stage k + 1 for HIV
untreated H,, and treated 7, individuals, respectively, for k = 1, 2, ..., n — 1. Furthermore, ¢ is the rate at which individuals
infected with active TB-only are being treated, p is the rate at which infected active TB individuals naturally recover, ¥ is the
rate at which individual co-infected with HIV and TB is receiving phase 1 of TB treatment, 7 is the rate at which individual co-
infected with HIV and TB and undergoing TB treatment starts receiving HIV treatment, ry is the rate at which co-infected
individuals with HIV and TB undergoing phase k of TB treatment move to phase k + 1 of the treatment, with r, being the
completion phase, g is the rate at which co-infected individual with HIV and TB undergoing HIV treatment and in phase k of
TB treatment move to phase k + 1 of the treatment, q is the rate at which recovered TB individual become reinfected with TB, f
is the rate at which latent TB individuals become active, w is the rate at which individuals under TB treatment recovered, x is
the rate at which infected TB individuals receiving TB treatment stopped receiving the treatment, s is the rate at which

infected individual with HIV and TB undergoing HIV and TB treatment stops receiving HIV treatment, ¥, and y, are the rates
at which HIV-untreated and HIV-treated infected individuals in stage k get infected with TB, respectively, vy (7;) is the rate at
which co-infected individuals receiving some form of treatment infects individuals in class #;, (individuals in class Z). The
stochastic model governing X(t) = (S, H1--Hn,Z1+--Zn,L,T,C,C1,C1-*-Cn, C1---Cp, Uz - Un, A, R) T is
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n
dS=(AN=S(By+Bun+Bir)—S(Br+Brr+Bur) —uS)dt—S> " Hjo AWy j(t)— B0, n:1SCLo AW, .1 (£)
=
B0, 1128CT o dWy 2 (6)~T+07 35T 2 dWr 5 3(8) —Tx07 1 4SCr o AWy 4(0),

n
dH1=(S(By+Bmu+Brr)—a1Hi+d1Z1 = (Br+Brr+Bumr)¥1 Hi —Burvi Ha )dt"‘ﬂsz;”h.ﬂ'[j odWp;(t)
=
+B0, 14 1SCLodW, 1 ()40, n 2 SCrodW, 1o (1) —ToY1 Hy (Tor,n+3 odW; n3+C107 n1a° dWr,n+4) ,
dHg=(pr—1Hi—1— UM +OrZk—(Br+Brr+Bumr) ¥icHk—BurviHi ) dt
~Ts Y H (T 07 ni3°0Wr n 34C107 nya° AW, nyg) fork=2,...n,
dZ1=(11H1~b1Z1—(Br+Brr+B8um)V1T1—Burrtr I1)dt—7Y1 T (T 07 30 AWy i34 Cr0r a2 AW, pig),
ATy =(TiHk+Yi-1Zk-1 —biZr—(Br+Brr+Burr)ViZk—Buro i) dt
—m: Yy Iy (T0rni3°dW; 0 3+C107 nya o dWy o g) fork=2,
dL=(IS(Br+Brr+Bmr)—21 L~ LBy +Bmu+Brr+Br+Br1 ) +HqRAXA)At+HT:ST 07 i 3°dW; i 3(1)

n
HrSCror pys°dW; 5 a(t)—BL (Zothj ° dWh,j(t)jLUv?n-%—ch o dW, j41(6)+0, n2CrodW, nio (t))
=

dT=((1-D)SBr+Brr+Bpmr)+f L+LBr+IBr1)—T (Bu+Bumu+Bir)—22T)dt+(1-D) 78T 01 30 AW, 13(8)

n
+(1- l) T+SCT0rny4° dWT,n+4 (t) -p7 (ZahJHj ° dWhj(t) +0yn41CL° de.n+1 (t)+o'v,n+2 Cre dWV,nJrZ (U)
Jj=1

n

dc,= ((E+A)(ﬂy+ﬂMH+ﬂLT)+l ﬂT+ﬂTr+ﬂMT Z lf/jH]‘Hﬁ] ﬂRZCL_dLCL) dt

j=1

n
+B(L+A) (ZahJHj o dWp j+0, ny1CrodW, i1 +0, ny2Cre dWV,n+2>
j=1

n

+IT*ZN/1H1+‘//1 il (TUT np3odWr, n+3+Cr0znya° aw;, n+4)
i=1
n

dcr= (T(ﬂH+ﬂMH+ﬁLT) (1=0)(Br+Brr+B8ur) Y _ [WiH+¥;Z;] +BraCL+(1-6)Bre L— dTCT> dt

j=1

n
+6T (Zothj oWy, 40, 14 1CLo AW, n 1 +0, n2Cre de,n+2>
=

+(1-1) lT*Z[‘/’zHHﬂ/’z (T 0 n43°dW; . 34C107 g e AW, 1 4),dCr = (‘//CT (H+r1+1)Cq +5U1+m1ﬂMTZV]H])
Jj=1

dCy=|\ r_1Ck_1— u+rk+n)Ck+sL{k+mkﬂMTZujH]) dt,fork=2,...,n,

j=1

=

dék -

n
dE]— (eLCL+eTCT u+7r +ﬁ)61 +SU1+my BMTZVjIj) dt

Tk1Ck1— M+rk+77)ck+suk+mkﬁmzvj )dt»dzfﬁ(77C1+776'1—(M+Q1+5+§)U1)df,
j=1

du,= nck-H]Ck-‘er U1 — (U+op+s+5)Uy)dt fork=2,.

dA=(0T —0A—A(By+Buy+Bir))dt—LA (Zahﬂ'{j odWpj(£)+0y 01 1CLodWy n i1 (6)+0, n42Cr °qu,n+2(t)) ;
=
dR=(pT —(u+q)R+wA)dt,
(2.1)
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Table 1

Parameter description for the epidemic model.

Infectious Disease Modelling 9 (2024) 27—-55

Parameter Description

Parameter Description

Parameter Description

Q=+ Pk + Tk T = p+ pg zZ1=p+f
b= p + vk + dk b =+ vk Zy=p+0+p
di=p+e de=p+T1e+1 Zy =p
dr=p+y +er dy = p+ T+ 7 Zy =p+p,

K =A/1 0=p+w+x 0=p+w-+x,
imj:imjzl ey = [+ ok+S+S g=p+q

i=1 J=1

where dWp,;(t) = &pdt, i=1,2, ..., 10, dW, 5 () = & pydt, i =1,2,dW, () = &; 44dt, j = 3, 4, are independent standard
Wiener processes on a filtered probability space (Q,A,(F¢);~q,P), the filtration function (F¢),- is right-continuous and each
F with t > 0 contains all P-null sets in F¢; o denotes the Stratonovich integral (Arnold, 1974), the initial process X(to) is F¢,
measurable and independent of W. 1(t) — W. j(tp). Table 1 describes some composite parameters used in this work for k=1, 2,
vy Py =Yn =Th =Tn =9, =0.

The next theorem shows that model (2.1) is well-posed. Definition 1. We define the differential operator L on a function
V(t, u) € C'? corresponding to a stochastic differential equation with drift and diffusion coefficients A(t, u) and B(t, u),
respectively, by

LV(t,u) = (2.2)

ov(t,u) aV(tu), 1 70?V(t, u)
T: + a A+2traceB 2 B

aV(tu) _ [(V(tu) aV(t,u) PV(tu) _ [(9V(tw)
where 5 —( g, oy ) and e = (Suay axn

Theorem 1. There exists a solution X(t) = (S, Hq-+Hn,Z1--Zn,L, T,Cp,Cq,Cq1*-Cn, C1++-Cp, U7 -+ Un, A, R) T 0of (2.1) which is an
almost surely continuous stochastic process and is unique up to equivalence if X(ty) is independent of the processes
W.i(t) — W.i(to),i=12,...,n+ 4.

Proof. It is easy to show that the drift and diffusion coefficients of (2.1) satisfy the Lipschitz and linear growth, locally, in [a,
b] x Dy, with D; = {|X| <r}. Let X satisfies (2.1), and define V : [0, 7] x RS >R, by

n
V(t,X)—ln<S+Z(Hj+Ij+Cj+CJ»+uj)+£+T+CL+CT+A+R+eA).,
j=1

where R, denotes non-negative real numbers. It follows directly that V > 0. Using (2.2), we have

n —
AN—,(L(S-‘:— Z(Hj+Ij+Cj+Cj+uj)+£+T+CL+CT+A+R+eA)
LV < =1 <V

n —
S+ > (Hi+Tj+Ci+Ci+U)+L+T+C +Cr+A+R+eb
j=1

Define V; = ‘}r‘lf V(t, X). Since V(t,X) > In(|x| +e?), it follows that V; — oo asr — co. The existence and uniqueness of
>r

solution X(t) with initial condition X (ty) independent of W. {(t) — W.(to),i= 1,2, ..., n + 3, n+4, follow directly from Theorem
3.5 of the work of Khasminskii (Rafail, 2012, p. 66). l
In the absence of noise, the model (2.1) reduces to the deterministic model (2.3) given by
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dS = (AN — S(By + Bun + Brr) — uS — S(Br + Brr + Bumr) )dt,
dHy = (S(ﬁH + By + Bir) — arHy + ¢1Z1 — (Br + Brr + Bur)¥a M1 — BurviHa) dt
dHy = (Pk—1Mk—1 — QMg + $Zk — (Br + Brr + Bur)VicHi — BurvicHy ) dt, for k=2,...n,
dZy = (1yHy — b1Z1 — (B + Brr + Bur)¥1Z1 — Burvr Z1 )dt,

dZy = (TkHk + Yk-1Zk-1 — beZi — (Br + Brr + Bur)ViZk — BuroZy ) dt, for k=2, ...n,
ac = (IS8t + Brr + Bur) — w+ )L — LBy + Bmny + Brr + Br + Br1) + qR + XA) dt,
dT = (1 - DS(Br + Brr + Bur) +fL+ L(Br + dBr1) — T By + Byp + Brr) — (w+06+p)7T ) dt,

j=1

n

acp = (5 (B + Bumu + Brr) + (Bt + Brr + Bur) Z (WM + V] + ABu + Bun + Bir) — BroCL — dLCL) dt,

dCr = (7 (Br + B + Bur) + (1 = D(Br + Brr + Bur) D [WiH + ¥Zj] + BraCr + (1 — $)Br1 £ — drCr | dt,
j=1
dcy = (\//CT —(w+T11 +1)C1 + UL+ M1 Byr ZU]'H]> dt, (2.3)
Jj=1

n
de (Tk ]Ck 1— +Tk+7])ck +suk+m,<ﬂMTZijj> dl’7 for k:2,...,n,
j=1

n
dc, = (eLCL +erCr — (w+Tq +10)Cq +5Uy + My Byr ZVJIJ) dt,
=

]

Qn
Ql
=
Il
S

n
Ti-1Co1 — (W + T + MCh + Uy + TiBur > VjIj) dt,

=(MCy +MCy — (L+ 01 +S+3Uyp ) dt,

duy, = (Cx +7Cx + 0k 1Uk—1 — (1t + ok + S +5)Uy) dt for k=2,...,n,
(0T — (u+w+x)A— ABy + Bmy + Bir) ) d

dR = (p7T — (u+ qQ)R +wA) dt.

We note here that in the absence of noise, model (2.3) reduced to the HIV-only model described in the work of
Kretzschmar et al. (Kretzschmar et al., 2013) and Otunuga (2018) (Otunuga, 2018) for the case where T = C; = Cr =Cj = Cj =
=A=R=0forj=1,2,...,n. The Mallela model (Mallela et al., 2016) and the model described in Sharomi et al. (Sharomi
et al,, 2008) are special cases of (2.3). It follows that the population size

n _
N=S+L+T+ A+R+C +Cr+ 3 (Hj+ZI; +Cj +C +U;) satisfies the equation if A = u. For the rest of this work, we set
j=1

A =p.

By denoting X = (S,Hy---Hu,Iy--In,L,T,C;,Cr,Cq---Cn, C1---Co, Uy U, A, R)T  as  the  fraction X/N =
(S/N,H1/N---Hu/N,Z1/N---Tn/N, L/N,T/N,C/N,Cr/N,C1 /N---Cn/N,Cq /N---Cn /N, U1 /N---Un /N, A/N,R/N)T, we consider
model (2.1) in the feasible region

y::{(S,H1~~~Hn,I1~~-In,L, T,Cr, Cr,Cy++Cp, Cp+-Cn, Uy Up, ALR) T €RI™7 : 0 <N < %} (2.4)
where T denotes transpose operator. It can be shown that ) is positively invariant and attracting with respect to (2.3).

In order to study the epidemic dynamic (2.1), we first study the threshold over which the population satisfying model (2.1)
evolves into an endemic almost surely. The stability of the equilibrium states of (2.1) can be explained by first studying the
stability of the linearized associated system about its equilibrium points (Tornatore et al.). For this reason, we shall first study
the conditions under which the linear associated system to (2.1) evolves into an endemic or transient epidemic advance state.
We find condition under which expected infected population (with respect to linear associated system to (2.1)) becomes
extinct.

In the following, we obtain, in the presence of noise, the expected number Rg , of secondary (HIV and TB) cases produced
by an infected individual when introduced into a completely susceptible population. Define k = A/u as in Table 1. It can be
shown that the point
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Py:= {SO,HO, G HOR 000 e, ...,Ug,LO,TO,CO,CO,AO,RO} — (%01 5n6)

is a disease-free equilibrium point for system (2.1).
Define

®=(S—% Hp,..Hn, I,....In,C1,....Ca, Ci,....,Cn, Uy,...;Up,L,T,Cp,Cr,AR)".

For any vectors X,y R" and scalar ce R, define the matrices

vy 0 0 .. 0 0
Xy -y, O . 0 0
0 X2 —-y3 . 0 0

MXY — ,
0 0 . Xp—2 —Yn-1 0

0 0 0 0 X1  —Yn

Ix =diag(xq1,x3,...,X%n), Wwith Z.=diag(c,c,...,c).

The linearization of (2.1) along the infection-free equilibrium Py is given by

n+3
de=Addt+Y M ®dW(t), B(to)= Do,
i=1

Ay Aqn

where A =
<O3n+6><2n+1 Ao

), with Aq 1=A1 1 (o) = (A“A(;’”) 2;) depending on noise intensity oy,

—p —(ﬁh1 + aﬁylﬁ/z)i —Brhy —Pkhs ... —B&hy
0 —(ar—pmk-o,8%?/2) frhy Prhs ..  Bths
Apa(opy) =| 0 P1 —ay 0 0 i
0 0 P2 —das 0
0 0 0 Pn-1 —dn
n+1xn+1
—Bker  —Pkey —PKes ... —PKen
¢+ ﬁEq ﬁfez ﬂfég 6Een 0 71 0 0 0
0 ¢ 0 o0 0 0 mn 0 0 )
Ao = 2 A =0 0 0 0 ,Azy = MYP,
12 0 0 ¢'3 ‘0 2,1 0 : 7:3 ; : 2,2
0 0 o e ) 00 .. . 0 7o/

g g Mrd Onxn  Zs 0
_ 11 12 : _ ed n—-1x6
B2z = <921 gzz)'Wlth 911 = { Onen M I5 ). G12 00 0 0

I, Iz Me€ 02ne—Ll><6 N
sl g Rl Bl o ..l
G =1kp| o1 (1-0) ... (1= 610 ... (101 oc(1-1) .. o(1-1) ],
04x3n
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G22=G (0, ny3) depends on noise intensity o3 and defined by.

-z R+ (1 - Dr2k?e?,.5/2 0 T+T3Kl (X + 7T [R)

q
f A(anﬂufnwwlfwﬁﬂﬁﬁgp) 0 7m7R(1—1) 77(1-Dk O

G = | O 0 —d; 0 0 o |
0 0 —dr 0 0
0 o 0 0 -0 0
0 p 0 0 w -g

A12=A15(07043) = (€11 €12) depends on noise intensity o;n.3, where.

B ~B+Ted)p1 . —(BETP)by —(B+Te¢)dy —B+1)pp —(B+Tp)a ... —(B+Tep)o
€11 =K Bo1 Ben B Bn Bo Bo ,
O2n-1x3n
0 —77ik— (1 -Drk%02,,3/2 —KBv —K(Bup +7+T3) —KTeTp O
€12=C12(0rn43) = | O 0 %6 %Bv 0 0|

02n—1x6

and M; = (0; Toj Osp_ji6),1<j<nm Mpyy=(0Osnjua T 04 j)oypyi=12, Mpz = (Osp4n T2 O04)07 0.3,
where Op is a (5n + 7) x m zero matrix and Ig; = gjk(—1 1 0..0)5,, 7,4, 1 = k6(=1 1 0..0)g,.7,.1, 2 =
k(-1 0 0.0 I 1-1 0 0)dy 7.1

The block matrix representation of A suggests that under certain conditions, the long term behavior of the dynamic (2.1)

can be studied by first studying the stability of the disease-free equilibrium with respect to population satisfying a HIV-only
stochastic dynamic

n n
ds = (A - 6S El(hJH] + 6]'1]') — /.LS) dt — BSZ UhJ‘Hj"dWhJ(t), S(to) = So,
J= =1

n n
dH] = <ﬂs Z%(h]H] + €jlj) - a]Hl + ¢1I1 ) dt + 6szothj°dWhj(t), H] (t()) _ H0]7 (28)
= =
dHy = (px_1Hi-1 — aHy + dly) dt, Hi(to) = Hoy,

dly = (rH; —bil)dt, L(to) = Iy,

dIk = (Tka + kallk,] — kak) dt, Ik(tO) = IOk’ for k = 2, 3, o n.

and TB-only stochastic dynamic

dS = (A—uS—71«(T1T +T2A)S)dt — 70, n 35T cdW, ; 5(t),

dL = (T*l(?{r + ?2A)S — 7«7 TL — Z1L -+ qR + XA )dt + IT*UT'n+3ST°dWTYn+3(t),

dT = (+(1 = D)(F1T +72A)S + 7«7, TL+ fL — z,T) dt + (1 — 1)7*077n+3ST° dW.,-y,—Hg (1), (2.9)
dA — (6T — 6A) dt,

dR = (pT — gR+ wA) dt.

In the absence of noise, the schematics of the HIV-only and TB-only transmissions are given in Figs. 1 and 2, respectively,
with dynamics (2.8) and (2.9) reducing to models (2.10) and (2.11), respectively, given by
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71T T + TA)
7.(1 = D(T1 T + TA)
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B X hiH;+ €l
=]

¢3
S > i
3 —_—
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(23
> 1
7 (!
71
1
> 1

71

Fig. 2. Schematic diagram for HIV-only model.
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j=1

<A 653 (hH; + ) — )dt, S(to) = So,

( Z (hiH; + ¢l) — aiHy + ¢111 | dt, Hi(to) = Hon, (2.10)
dHy = (pk_1Hyg-1 — apHi + ¢ily) dt, Hy(to) = Hog,
dly = (rHy = bily)dt, ILi(tp) = o1,
dly = (TeHi + Yi-1lk—1 — bili) dt. Ii(to) = Iox, fork=2,3,....n
dS = (A—uS—7(T1T +TLA)S)dt,
dL = (1:l(Fy T+ TpA)S — 77, TL — 1L + qR + XA )dt,
dT (T*(l — l)(T1T+T2A)S+T*TrTL +fl V4 ) dl’ (21])
dA = (6T — 6A) dt,

(

dR = pT—gR+wA) dt.

The expected numbers of infections, denoted R, y and Rr, produced by individuals infected with HIV-only and TB-only in
a population (satisfying (2.10) and (2.11)) susceptible to HIV-only and TB-only infections are obtained in Appendix A as

Ruhi :kﬁf: M , (2.12)
! 11(‘1] TJ¢1)
]:

where uy and vy satisfy

U = bgpr_qUk_1 + PkVk-1U1; (2.13)
Vg = TePro1Uk—1 + QYeeteer, fork=1,2,...n, :
po=1;up=1;v9o=1and vy = 0, and

_kgr«(T10+T20)(f1+ (1 - Dzy)
(82122 — fp@)0 — (qw + gx)f 6’

(2.14)

respectively, and (gz1z2 — fpq)f — (qw + gx)fo > 0. See parameter description in Table 1. Likewise, we also note here that
ajb; — 7j¢; > 0forj=1, 2, ..., n.Itis further shown in Appendix A that in a population co-infected with HIV and Tuberculosis,
the number Rg, of expected number of HIV and Tuberculosis infections produced by an infected individual in a population
satisfying (2.3) where a certain fraction of infected individuals are receiving treatment is

Ron = max{Rny,Rr}, n>1. (2.15)

Define m(t) = E[®(t)]. Then m(t) satisfies the deterministic differential equation

dm =A m dt. (2.16)
Let  be an eigenvalue of A. It can be shown that the characteristic polynomial of A is given by
det(A —tTsp7xsn47) = —(E+u) det(A—tTsp 6x5n16), (217)

where A is the submatrix of A in (2.7) formed by deleting the first row and column of A. Using the idea presented in Appendix
A.1.3, we calculate the reproduction number Rg , with respect to (2.16) as

Ron = max{R, y,Rr}, (2.18)
where
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22 2
L& ughy + evy 1 b1f %
Rnn —Kﬁkgl ﬁ( \ ) 3 ajby — 1191 )’
ab; — 7i¢;
(o~ (2.19)
1( b1B%0} %
=Ropu+5|-—F—r—)
nH T <a1b1 —T1¢1

is the expected the number of HIV infections produced by an infected individual in a HIV-only infected random population
where a certain fraction of infected individuals are receiving treatment,

_Kgr (Ml +T20)(fI+ (1-Dzy) 1 gr*720(1 — o2, 5(f1+ (1 - Dzy)

Rr = (82122 — fpq)0 — (qw + gx)fd "2 (82122 — fpq)0 — (qw + gx)fd

(2.20)
ge 01 = o2 5(fl+ (1 - Dz1)
(82122 — fpq)f — (qw + gx)fd

1
ZRTJrj

is the expected number of Tuberculosis infections produced by an infected individual in a Tuberculosis-only infected random
population where a certain fraction of infected individuals are receiving treatment.

3. Results: analysis of stochastic model (2.1)

In this section, we discuss the long term behavior of the HIV and TB infected population satisfying model (2.1). In addition,
we also study the impacts of HIV/AIDS and TB treatments at different stages of infections in a population under the influence
of random perturbations.

Following (2.18), we see that the number of infections produced by an infected individual in a HIV-Tuberculosis co-infected
population is only determined by Rpy and Rp It follows directly from (2.7) that

ay - B — o2, 6%%%/2 = a4 (1 — Bkhy/ay — 0%162%2/(2@)) >a;(1=Ryy)>0 if Ryy < 1 for n > 1. Also, zy — o7 (1 —Dk—
(1 -1?12&%02, 5/2>0if Ry < 1. It also follows from (2.19) and (2.20) that Ry, g <Ry g, Rr <Rr and R, <Rg . This implies

T,n+
that the number of secondary infections produced by an infective individual in a susceptible population is higher in the
presence of noise in the transmission rate of diseases than when there is no noise in the transmission rate. This signifies that
random fluctuations in the HIV and Tuberculosis transmission rates offset the transmission dynamics of an infectious indi-
vidual positively by increasing the number of expected secondary infection cases for the HIV and Tuberculosis infections. As
the noise intensities reduce to zero, the number of secondary infections, Ro , reduces to Rg . Further impacts of noise on the
population dynamic (2.1) are studied by analyzing the stability analysis of the disease free equilibrium under certain
threshold.

In this section, we study the stability of the infection-free equilibrium Py with respect to the stochastic system (2.1).
According to KHasminski (Rafail, 2012, p. 66) and Tornatore et al. (Tornatore et al.), many problems concerning the stability of
the equilibrium states of a non-linear stochastic system can be reduced to problems concerning stability of solutions of the
linear associated system. Here, we study the stability of (2.7) and later use Theorem 7.1 in (Rafail, 2012, p. 66) to extend the
result to that of the nonlinear system (2.1). Since (2.18), (2.19), and (2.20) suggest that the dynamic of the population satisfying
(2.1) depends on the dynamics (2.8) and (2.9) with the HIV-only and Tuberculosis-only stochastic models, respectively, we
first discuss the stability analysis for the case where the population is noise-free and infected by only one disease.

3.1. Analysis of the HIV-only deterministic model (2.10)
In this section, we discuss the stability analysis of the infection-free and endemic equilibrium of the HIV-only sub-model
(2.10). We aim to study the condition under which the population converges to either the infection-free or endemic equi-

librium on the long run.

3.1.1. Stability analysis of the disease-free equilibrium of (2.10)
We first analyze the asymptotic stability of the disease-free equilibrium

Pi:={s° HY,.. HO.19,... 1% = {x,0,...,0,0, ...,0} (3.1)
of (2.10) and later discuss its global stability. By defining
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&=(S—-%k Hy .. H I ... I)7, (3.2)

the linearization of (2.10) about P’{)’ is equivalent to

dd—Addt (33)
where A = <A}4;(10) 23) is as defined in (2.7). We note here that a; — Bhk>0 if R,y <1 since the inequality

R1p<Rnpu<1isequivalent to 0< (1 — Rqy)(a;by — 7161) = b1(a; — Bh1K) — 71(¢1 + KBeq). Let t be an eigenvalue of A. The
characteristic polynomial of A can be written as

det(A—Ft hny1one1) = —(E+u) det(Myq —t Zapyon), (34)

where Ipi12n4115a2n + 1 x 2n + 1 identity matrix and M is formed by deleting the first row and column of .A. The proof of

the local (and global) stability of the disease-free equilibrium P’g is given in the work of Otunuga (Otunuga, 2018, 2020). The
statement of the local (and global) stability theorem is given below without proof in the feasible region

yH;:{(s,Hl,...,Hn,ll,...,zn)TeRiﬂﬂ . 0< Ny g%} (3.5)

with Ny =S+ an](Hj +1j).
=
Theorem 2. The disease-free equilibrium Pf of the model (2.10) is locally asymptotically stable if R,y <1 and unstable if
Ran>1.
proof. The proof follows from Theorem 6 of (Otunuga, 2018).
Theorem 3. The disease-free equilibrium P’{)’ of (2.10) is globally stable in the feasible region Y7 if R,y < 1.
proof. The proof is similar to Theorem 7 of (Otunuga, 2018).

3.1.2. Stability analysis of the endemic equilibrium of model (2.10)

The endemic equilibrium P = (5’ H .. H I, .. 1 )" of system (2.10) is given by
—* K
S = ,
Run
—=* _ Auk 1
Hk Tk (1 Rm[-[)’
H(ajbj ~7i9) (3.6)
¥ N Allk 1 o
I 7"7(1_Rnﬂ)7 k=1,2,...,n,
[T (ab; 759
=1

where uy and vy are defined in (2.12). It is clear that the endemic equilibrium P of (2.10) exists if and only if R, y > 1. The
endemic equilibrium becomes disease-free (that is, P = Pg) ifRpy = 1.
We follow the same procedure used in (Otunuga, 2018) to show the global stability of the endemic equilibrium P

Theorem 4. The endemic equilibrium p" of the system (2.10) is globally stable if R,y > 1,fx>0,k=1,2, ..., n,and fi > 0, my > 0,
k =2, 3, ..., n, where f;, and my, satisfy
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my ng7]<,1T]<71*gk+1’Yka, for k=2,3,...,n71

)

—% )
My = Bn'Yn—l Tn—l )

e (3.7)
fl = ﬁs €1 T]7
fi = EZT,JZ — et Ty for k=2,3,..n
and ;, 0, satisfy
bn ﬂg* habn+Tnen
5; nbn=Tndn hnén+anen
bnk 1 by kbn_k Yn—kTn—k Pk o [ Pkbn_kFThoken—k
=4 by —Tr b +6S Sfork=123,...n-1,
_n7k n—kYn—-k — "'n—kPn-k Prn_ikPr—k Yn—kdn_k ynikﬂ hn—k¢n—k+an—kfn7k
(3.8)

proof. See Otunuga (Otunuga, 2020) for the proof.

3.2. Effect of treatment on a population infected with HIV only: model (2.10)

Write R; y(7;)=R;n as a function of the treatment rate 7; in stage j of infection, for 1 < i<=j < n. In a population where
treatment is administered at a very high rate during stage i of infection (so that we say 7; — ), the expected number of
secondary infection produced by a typical infected individual in stage j of infection (with i < j) is denoted and defined by
R;, H(T,'—>oo)E lim R; 1(7;). Likewise, if no treatment is given in stage i of infection, we denote the expected number of sec-

ondary mfect10n produced by a typical infected individual in stage j of infection (with i < j) by R;j(r; = 0)=R; 1(7i)l;,—0
Following similar approach in Otunuga (Otunuga, 2020), we obtain these numbers as
7 j o~
kB Uhy + Ve
ijH(T1—>OO) 572 c k"'k k€k .
't H (arbr +Br7r)
r=1
r#1 )
kg I Uphy + Tye .
Rip(Ti— o) =Ri1u+ ?(ui—lpi—l +vi—17i—1)zkkk—kk7 for 2<i<j<n,
: “UT] @ebr +byrr)
r=1
=R r+1
U; =0, 9;=1,i=1,...,n, and 1,7, k=i are defined in (3.11),and @, by are given in Table 1.
(3.9)
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KB J uh -‘rl; €
Rj,H(T] — 0) :a Z ‘ k"'k k€k .
“U [ @rbr +brrr)

r=1
B r#1
u; =1, u1 =0, and uk,vk,kq&l are defined in (3.11) (3.10)
Rin(ri=0) =Ry 1H+,"g M for 2<i<j<n.
k= H (arbr + ErTr)
r=1
; 5 r#i ]
Ui =Dbipiqui1 +¢ivicvicr, vi=0iYiqvi1, and uy, vy, k=i are defined in (3.11),

and R;y(1i— o) = Rju(7i = 0) = R;y if i > j, where u;, v; are defined in (2.13) fori=1,2, ..., n,up = 1,vu0 =0, and

Uy = bypp_1Ug_1 + ki 1Vk-1,
U = Tepr—1Up—1 + QYp-1Vk-1, fork=i+1,...n, 1<i<n
v V v (3.11)
U = bpr_qtie—1 + drYe-1vk-1,
Vk = TiPr_1Uk—1 + AYk-1Vk-1; for k+i.
Furthermore,
dR; a:b;b;
j,H iYiYi
= it Rip(Ti—o0) — Rijy(1i =0)),
dTi (ﬁ,»bl- +biTi ( 2 ! l )
(3.12)
d’R; *‘7,2 .
é,H _ ZszLb, 5 (R]H( —)oo) RjH(Ti = O) )? for 1 < l,] <n
dTl- (@;b; + b;;) '

It follows from (3.12) that the rate at which the expected number of secondary HIV infection in stage j of infection is changing
with respect to treatment administered at stage i depends on how high the treatment rate is. We see that dR’”(T’ <0 and the
graph of R; ;;(7;) concaves up for all ; > 0 ifand only if R; j;(7;— 00) <R y(1; = 0), for 1 <i<j< n.Thatis, showmg that the

expected number of secondary HIV infection in stage j of infection decreases and slows down as the treatment rate in stage i of
infection increases (i < j < n) is equivalent to showing that the number is smaller when treatment is administered at a very

high rate in stage i than when no treatment is administered.
3.2.1. Numerical simulation for the HIV-only model (2.10)

In this section, we give simulation results for the trajectory of the susceptible, HIV infected population satisfying (2.10)
using demographical data published in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar et al.,

Plot of S, Hy, I; Case Rig <1 Plot of S, Hy, Hy, I, I»; Case Rog < 1

o 00 20 E) w00 500 o0 00 200
Time (years)

Fig. 3. Graph of the trajectories of S, H, I, k = 1, 2, ..., n, for the cases where n = 1 and 2, respectively, and R,y <1.
41



O.M. Otunuga Infectious Disease Modelling 9 (2024) 27—55

Table 2
Parameter values for the epidemic model: Case study HIV/AIDS.
Parameter Description Default Value References
A Recruitment rate into the population 0.018year™" (Granich et al., 2009; Kretzschmar et al.,
2013)
I’ Transmission rate of infection Estimated Kretzschmar et al. (2013)
hy, Infectivity of untreated individuals in stage k of infection = h;y = 2.76, h, = 0.106, h, = 0.106 Hollingsworth et al. (2008)
€k Reduced infectiousness due to treatment in stage k of ¢ = 0.01 Granich et al. (2009)
infection
[ Natural death rate A [15, 24]
Tk Treatment rate of individuals in stage k of infection Range 0—100% Kretzschmar et al. (2013)
o Rate of dropping out of treatment in stage k Range 0—100% Kretzschmar et al. (2013)
Pk Average duration of untreated infection 1 1 [5, 20, 24]
M=o Tg3r s T
1
1.184
Yk Average duration of treated infection 1 1 1  Kretzschmar et al. (2013)

" =821 "2 “54 73 T 2463

2013; The CASCADE Collaboration; Collaborative Group on AIDS, 2000). We verify the global stability criteria discussed in
Section 3.1. All simulations are carried out using MATLAB R2018a.

Fig. 3 (a) and (b) show the trajectory of S, H, Iy, k = 1, 2, ..., n for the cases where n = 1 and 2, respectively, and R,, j; < 1. For
Fig. 3 (a), we use the initial condition Sg = 0.7, Hyg = 0.1, Io = 0.2. Parameters’ unit are in year~', with parameter values given

T
in Table 2, where R; iy = 0.4295 and disease-free equilibrium P§ = (SO =1,H=0,19 = O> . For Fig. 3 (b), we use the initial
condition (in percentages) So = 0.36, Hio = 0.1, Hyp = 0.15, I1jo = 0.14, Hyp = 0.25, where R,y = 0.7880 and disease-free
T

equilibrium P§ = (SO =1,H"=0,H=0,I°=0,19 = 0,) . Fig. 3 (a) and (b) confirms that if R,y <1, then S(t)>% = 1,

Hi(t) = 0, Ii(t) > 0ast — oo.
Fig. 4 (a) and (b) show the trajectory of S, Hy, I, k =1, 2, ..., n for the cases where n = 1 and 2, respectively, and R, iy > 1. For
Fig. 4 (a), we use the initial condition So = 0.7, Hig = 0.1, I;p = 0.2 and parameters given in Table 2, where R y = 1.8847 and

— ok " % T
endemic equilibrium [ (S =0.5284,H; = 0.0018,I; = 0.0120) . For Fig. 4 (b), we use the initial condition Sp = 0.36,

Hip = 01, Hy = 015 I = 014, Ip = 025 where R,y =3.0828 and endemic equilibrium P =
sk _— _— _® _x T
(S =0.3173,H; = 0.0027,H, = 0.0259,I; = 0.0173,I, = 0.2242) . Fig. 4 (a) and (b) confirm that if R,y>1, then
S() =75, Hk(t)a% (l - ﬁ) I,C(t)e# (1 - R%H) ast — oo, for n = 1 and n = 2, respectively.
H(ajbj ) H(ajb,» 0
= j=

The graph on the far left in Fig. 5 shows how the expected number of secondary HIV infections in stage 1 of infection
changes as a result of changes in the transmission rate ¢ and the treatment rate in stage i using parameters in Table 2 with
€2 =0.05, 71 =0.08, 7, = 0.12, ¢1 =1/3, ¢2 = 1/4. The middle graph and the graph to the right show how the expected number
of secondary HIV infections in stages 1 and 2 of infections change as a result of changes in the treatment rate in stages 1 and 2
and the rate of dropping out of treatment. It is evident here that these numbers decrease as the treatment rates in stages 1 and
2 increase, and increase as the rates at which individuals drop out of treatment increases in stages 1 and 2. This confirms
Theorem 3.9 in the sense that Rq (71 —o0) = 0.2985 is less than Rq y(71 = 0) = 0.5933, and R; (72 — ) = 0.6197 is less
than R, (2 = 0) = 1.5953.Although the population is in an endemic state in stage 2 of infection with R, y = 1.001, we see

Plot of S, Hj, I;; Case Rig > 1 Plot of S, Hy, Hs, Ij, I»; Case Ry > 1

I (@) [ (b)

I, population

S, Hy,
S, Hy, Hy, I, and I, population

300 300
Time (years) Time (years)

Fig. 4. Graph of the trajectories of S, Hy, Iy, k = 1, 2, ..., n, for the cases where n = 1 and 2, respectively, and R, > 1.
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Plot of reproduction number R, as a function of 7; and 3 Plot of reproduction number R, 5 as a function of 7, and ¢ Plot of reproduction number R, as a function of 75 and ¢,

00 -

Fig. 5. Graphs showing the impact of infections and treatments on the expected number of secondary infections Ry and R, y.

here that treatment administered at a very high rate changes the dynamics of the population by reducing the number of
infection tremendously to Rj y(72 — o) = 0.6197 so that the population now becomes disease-free on the long run.

3.3. Analysis of the TB-only model (2.11)

In this section, we discuss the stability analysis of the disease-free and endemic equilibrium of the TB-only model (2.11).
The disease-free equilibrium, denoted P(T, of the TB-only model (2.11) is given by

Py ={s°,19 1% A° RO} = {%,0,0,0,0}, (3.13)
where

5 :Rir,

T :7,*(?]541?26)(RT_1)7

A 77’*(715(-5&-?26)(7%7-_1)’

3.3.1. Stability analysis of the disease-free equilibrium Pg
The Jacobian of the population rates in (2.11) about P(T] is given by

—u 0 —T+T1K T+«ToK 0
0 -z 71K (x+ T*?zm) q
A= 0 f —(z-mT(1-Dk) =(1-Dk O
0 O 0 -0 0
0 0 p w -g

We note here thatz, — 7+71(1 —I)k > 0 if Rt < 1. We use Theorem 4.1 in Castillo-Chavez et al. (Castillo-Chavez & Song, 2004) to
show the local stability of the disease-free equilibrium Pg . To do this, we first show that the real part of all eigenvalues of A is
negative if Rt < 1. Let  be an eigenvalue of A. The characteristic polynomial of A can be written as

det(A—t Is.s5) = —(E+p) det(Myq—t Zava), (3.14)

where 4,4 is a4 x 4 identity matrix and My ; is the square matrix derived by deleting the first row and column of A.

Remark 1. The determinant det(.4) can be computed as det(A) = u[(gz1z2 —fpq)8 — (qw +gx)f0](1 — Rr). It follows directly
that det(A) <0 if Rt > 1. Since det(A) is the product of all the five eigenvalues of A4, then it follows that one of the five
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eigenvalues of A is real and positive if Ry > 1. On the other hand, if Rt = 1, then det(A4) = 0 and one of the eigenvalues of A is
zero.

Theorem 5. The maximum real part of all eigenvalues of the matrix A is negative if Rt < 1. At least one of the real eigenvalues of A
is positive if Rt > 1. There exist a zero eigenvalue if Rt = 1

Proof.
Using (3.14), it suffices to show that the real part of all eigenvalues of M ; is negative if Rt < 1. Define B = — M; 1. We can
write B in the form

B=L U, (3.15)

where £ and Z{ are lower and upper diagonal matrices, respectively, with positive diagonal entries. The entries of £ and Z/ are
defined by

Zij = 0, for j>i’zi.i:]7 for i:1,2,3,4,

521
(fl+ (1 = Dz1)7+T1K — 2125’

Ly = —f/7~1723,1 =0,L35=

Tui = 0 T Pz 7o o TRUL+ (1 = D21)(Top —TaW) +fXp + W12,

41 AT AT A =Dz ek —z1zs T k(i (1= Dzp)(T10 + 720) + X6 — 02125
Uu = 0, for j<iﬂl_,1 = 217512 = 717'*71E7
Uiy = —(x+I0ToR), Uy = —q Uy = 227 T*?1E§ﬂ+ (a- 1)21)7

1

H o fx“rT*?2E(ﬂ+(1 —1)21) H 7T*E(fl+ (1 —1)21)(?119"1‘?26) +fX5—ﬂZ]Zz H

2 z R 1+ (1 = Dzy)7T1K — 212, s

712y — 0 — (qw + 0
(82122 — fpq)f — (qw + gx)f (1-Ry).

T 02125 — X6 — Tk (fl+ (1 — Dz1) (710 + 720)

If Rr <1, we have (fl + (1 — 1)z1)7+T1K — 2123 <0, 7«k(fl + (1 — D)z1)(T10 + T20) + fx0 — 02125, <0, (82125 — fpq)0 — (qw + gx)
f0>0,0z1z — fx6 — 7+R(fl + (1 — 1)21)(710 + 720) > 0. Hence, £;;>0 and Z;;>0 for all j = 1, 2, 3, 4. Since B is a Z-matrix, it
follows from relations D1, and Jog of (Plemmons, 1977) that the real part of each eigenvalues of matrix B is positive, which is in
turn equivalent to the maximum real part, s(M; 1), of M 1 being negative. On the other hand, it follows from Remark 1 that
one of the real eigenvalues of A is positive if Ry > 1, and one of the eigenvalues is zero if Ry = 1. &

Theorem 6. The disease-free equilibrium P} of (2.11) is locally asymptotically stable if R <1 and unstable if Ry > 1.

proof. The proof follows from Theorem 5. W

We give the proof of the global stability of the disease-free equilibrium Pg in the feasible region

yT:={(S7L,T7A,R)TERi ; OSNTS%}7 (3.16)

where Nr=S + L +T+ A + R, provided Ry < 1.
Theorem 7. The disease-free equilibrium P(TJ of (2.11) is globally stable in the feasible region YT if R < 1.
Proof. Consider the Lyapunov function V : RZ —R* defined by

V(S,L,T,AR) = (s — S0 _s0In s%) + oL+ arT + axA + agR,

where
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5
OTAYA by
ap = A
T “A+0-Dz
f fi (3.17)
_ flaw + 8X)71 + (82122 — fpq)T> .
ap = e+ (1= 1z,)(07; + 675) >0 using Table 1,
g fa

“ g+ (0 -Dz)
The derivative of V computed along solution of (2.11) is

‘;—‘t/ = A+uS®— ASO/S —uS+ (] + ap(1 = 1) = 1)7(T1T + T2A)S — T(0723 — T+T1K — 040 — agP)

7A(0£A(9 — T+ToK — 0 X — CtRW) — R(aRg — an) — T*TrTL(DLL — O(T) — L(Z] 473 *fCtT).

If Rt <1, then

ATZy — T*T1K — 0p0 — Ggp = T*?1Rw >0,
Rr
Apll — T+TK — X — agw = T*?ZEM >0,
Ry
agg —erq  =ziop —far =gl +ar(1-1)-1=0,
and
dv s
o A2+ 22) <
dr = A(s T 2) =0

1/2
using the fact that S® =% = A/uand 1 = (% Sin) / <1 (%’+siﬂ> If Ry < 1, then dV/dt = 0 if and only if S=S°, L =0, T= 0,
A = 0. If Ry = 1, then dV/dt = 0 if and only if S=S°. It follows that the largest invariant set of (2.11) contained in

{(S,L,T,AR)T €TT . dV /dt=0} is the set {P(T)}. The global stability of Pg follows from the LaSalle invariant principle
(LaSalle, 1976). ®

3.3.2. Effect of treatment on population infected with TB-only: model (2.11)

Here, we wish to study how the number of secondary infection produced by a TB-infected individual changes as treatment
is introduced into the system. In this case, we write R7=Rr(0) as a function of 6. We note here that if there are no individual
receiving treatment with respect to the model (2.11), (that is, if 6 = 0), then (2.14) reduces to

_ kgrm(fle (1-Dzy)
Rt ="enz g (3.18)

where Z, is defined in Table 1. This is the expected number of secondary TB infection produced by a typical infected individual
in a population not receiving any form of treatment (6 = 0), when introduced into a population consisting of susceptible
individuals only (with respect to model (2.11)).

As 0 — oo, it follows that Ry (d) — fr, where

_ Tagk(fl+ (1 - Dzq)
It =gz~ —faw - (3:.19)

As the rate at which TB-infected individuals receiving treatment goes to infinity (meaning as every infected TB individuals

receive treatment), the reproduction number Rt tends to fr. The derivative of Ry () with respect to ¢ is % = %
3 4

where my = 7+T2gK(fl + (1 — Dz7), my = 7+718k0(fl + (1 — D)z1), m3 = gz10 — (qw + gx)f, and my4 = gz10z, — fpq6. Using the
fact that % >0(<0) if and only if f; > Ry (fT < 7~2T), it follows that Rt < Ry if fr <Ry and Rr > Ry if fr > Ry. This analysis
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shows that if the transmission potential of TB at the beginning of TB treatment (6 = 0) is greater than the transmission
potential when maximum treatment is administered (6 — o), then the expected number of secondary TB infection produced
in a population containing TB treated and untreated individuals is lower than that produced in an untreated population. The
impact of not administering any form of treatment (6 = 0) on the expected number of infection is greater than the impact

kg1 (fl+(1-Dz1) kg1 (flr(1-Dz;) :
@z rgan  Where o g e 1S the

resulting from everyone dropping out of treatment (x — o) in the sense that Rt >
number obtained as lem Rr.

3.3.3. Bifurcation analysis for TB-only model (2.11)

Center manifold theory has been widely used to completely determine the local dynamics of TB-models with exogeneous
re-infection, and it is well known that TB-models with exogeneous re-infection exhibit backward bifurcation (Castillo-Chavez
& Song, 2004; Sharomi et al., 2008). We analyze model (2.11) to see if the introduction of the parameter [ (fraction of newly-
infected individuals with latent TB) and the reinfection parameter 7, have effect on the expected reinfection-induced back-
ward bifurcation property. Write system (2.11) in the form

dx

g =f&m), [ RxR (3.20)

Choose 7* to be a bifurcation parameter. Solving the equation Rt = 1 for 7* gives the solution

- _ (8212, — fpq)¥ — (qw + gx)f o
Kkg(T10 +720)(f1+ (1 —Dz1)

According to Remark 1, the matrix A has a zero eigenvalue if Rt = 1. Let w and v be the right and left eigenvectors of A
corresponding to the zero eigenvalue. Using Theorem 4.1 of Castillo (Castillo-Chavez & Song, 2004), we wish to show that the
numbers

n 02f pT
a = k.i%‘i] vkwiwja ax ( 07T )7
(3.21)
fk T _*
b V, W; Py, 7)),
klZl k ‘ax,-a ( 0 )
are positive when evaluated at the disease-free equilibrium.
Computation of w, v, a and b.
It can be shown that the right and left eigenvectors of A corresponding to the zero eigenvalue are
w (—T*Eg(ﬂﬂ +70) (1 =D[(qw + gx)0 + pql] + glfz, gl g0 )
N p(wo +pf) ’ Wo+ph)(fl+ (1 -Dz;) ° woi+pd wi+pb
v - (0 g gz (811z —Jpq)Ta + (qW + &My 1>.
g oqf fa(10 +720)
Likewise, the numbers a and b are obtained as
{ a = 2w (W37 + WaTp)(Val +V3(1 = 1) + 2WoW37 71821/ (gf ), (3.22)
b =K(W3T1 +wWyTy)(Vol +v3(1 = 1)).

It follows from Table 1 that vol + v3(1 — ) > 0 and hence b > 0. We state and prove the following theorems using (3.22).

Theorem 8. IfRr <1 with|Rr — 1|<1 and 7, > W“If(""m*""m)("?“ D=v2D) then the disease-free equilibrium P} of (2.11) is locally
asymptotically stable, and there exists a positive endemic unstable equlllbrlum

proof. The condition 7, > ‘q’c(""”‘fm"‘z’ﬂj‘g“' D=v2D is equivalent to a > 0. The proof follows from Theorem 4.1, case 1 of Castillo

(Castillo-Chavez & Song, 2004).H

Theorem 9. Assume 7 < W1 (W™ R";’;';j;(f‘]’“l’l)"’ﬂ). When Rt — 1 changes from negative to positive, the disease-free equilibrium

point PY changes its stability from stable to unstable.
Proof. The result follows from Theorem 4.1, case iv of Castillo (Castillo-Chavez & Song, 2004).

The following theorem shows the condition for existence of bifurcation.
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Fig. 6. Graph of (a) the trajectories of S, L, T, A and R for the case where Rt
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<1 and (b) effect of TB treatment on the expected number of TB infections.

Table 3
Parameter values for the epidemic model: Case study TB.
Parameter Description Default Value References
A Recruitment rate into the population 0.018year™! [15, 24]
n Natural death rate A [15, 24]
p Natural recovery rate of active TB individuals 0.02
X Rate of dropping out of TB treatment 0.001
w Recovery rate due to TB treatments 03
q Reinfection rate for recovered TB individuals 0.004
f Rate at which latent TB individuals become active 0.03
0 Treatment rate for active TB individuals 0.02
7 Infectivity of untreated TB individuals 0.7
Ty Reduced TB infectiousness due to TB treatments 0.4
T Transmission rate between susceptible and TB infected individuals 0.12
Tr Reinfection rate for latent TB individuals 0.1
Plot of S, L, T', A, R; Case Ry =1
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Fig. 7. Graph of the trajectories of S, L, T, A and R for the case where Rt =1 and 7, >

W1 qf (W3T14+W4T2) (V3 (I-1)—Vv,

Theorem 10. WoWoz5

If >

W1 Gf (W3 Ty +WaTp) (Vs (I=1)—Va])

WyW382;

D then backward bifurcation occurs for the TB-only model (2.11) if Rt = 1.

W3T1+WaT2) (V3 (1-1)-V,

14f(

proof. Clearly, b > 0. As discussed earlier, the condition 1, >%

from Theorem 4.1 of (Castillo-Chavez & Song, 2004). H

3.3.4. Numerical simulation for the TB-only model (2.11)

D s equivalent to a > 0. The proof follows

WyW387;

In this section, we give simulation result for the susceptible, TB infected population satisfying (2.11). The following graphs

verify the global stability criteria discussed in Section 3.3. All

simulations are carried out using MATLAB R2018a.
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Fig. 8. Bifurcation diagram. Trajectory of the Endemic Equilibrium Points(EEP) of (2.11) as a function of 7*.

Fig. 6 (a) shows the trajectory of S, L, T, A and R with initial conditions (in percentages) So = 0.51, Lo = 0.1, Tp = 0.1, Ap = 0.15,

and Rg = 0.15. Parameters’ unit are in year~! and the values are given in Table 3. Here, Ry = 0.4416 and disease-free equi-
— T

librium P} = (so =1,10=0,T% = 0,A° = 0,R® = o) .It confirms that if Ry <1, then S(t)—& = 1, L(t) — 0, T(t) — 0, A(t) —

0,and R(t) — 0 ast — oo.Fig. 6 (b) shows how the expected number of secondary TB infection changes as a result of changes in
the TB treatment rate ¢ and the treatment drop-out rate x using parameters in Table 3. The result shows that the expected
number R of secondary TB infections decreases as the treatment rate increases. Also, dropping out of TB treatment cause the

reproduction number Rt to rise.
Remark 2. Endemic Equilibrium for the case Rt = 1.

For the case where 7, > W14/(WsT1 tv":“wiz;(z‘l’“””"’zl) and Ry = 1, the unique endemic equilibrium P] = {S*,L*, T*,A*,R*} of

system (2.11) is obtained as

£ _ OA(fl+(1—Dz1)7r((pq —825)0+ (qW+8X)9)
(82122 —fp@)0 — (qw+gx)f0][(fl+ (1 = 1)z1) (671 +72) — Ouri ]’

*

_ A+ (A =Dz1) (071 +075)((P9 —822)0+ (qW+8X)0) e

L R,
— (wo+ph)(z1 —))[(1+(1=Dz1)(71 +073) —Ours]

T" =w3R",

A" :W4R*,

+ _ (Wo+pO)A[(fl+ (1 —Dzq) (071 +075) (82122 —fpq)0 — (qW +8X)f6) + Trfu(zy —F){(1 - 1) (qwd +gxd+ pql)) — gliz }]
Tr0u((g2122 —fpq)0 — (qw +gx)f 6] [qwd + gxd + pqb — g0z ’

R

Fig. 7 shows the trajectory of S, L, T, A and R with initial conditions (in percentages) So = 0.51, Lo = 0.1, Ty = 0.1, Ag = 0.15, and
Rg = 0.14. Parameters’ unit are in year~!. We use parameters in Table 3 with u = 0128, 7« = 02717, | = 0.2, 7, = 60,

Wi qf (W3T1 +WaT) (Vs (I-1)—vol) _ : Qi T _
Wiz, - 28.7622, where Rr=1 and endemic equilibrium Py =

.
(s* —0.8928,[* = 0.0013,T* = 0.0106,A" = 4.9487 x 104, R* = 0.0164) .In this case, S(t) — S*, L(t) — L*, T(t) — T* A(t)
— A* and R(t) — R* ast — o if Ry = 1.Fig. 8 shows the trajectory of the Endemic Equilibrium Points (EEP) of (2.11) as a
function of 7* using the parameters u = 0.07;p = 0.02;x = 0.5;w =0.3;0 =0.2;71 =0.7;7, =03;9 =04;1 = 0.7;f =

0.001; 7, = 2.1In this case, 7, = 2> WP WsTWan)(vs(-1)-v:) _ 9 724316, We note here that 7% = 1.725 is equivalent to Ry = 1.

WoW38Z;
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From the graph, we note that system (2.11) has two positive endemic equilibrium if 7* < 1.72518 (or equivalently if Ry < 1) and
one positive endemic equilibrium if 7* > 1.72518 (or equivalently if R > 1).

3.4. Analysis of the overall model (2.3)

In this section, we discuss the stability analysis of the disease-free equilibrium Py (defined in (A.5)) corresponding to the
overall model (2.3).

3.4.1. Stability analysis of the disease-free equilibrium Py of model (2.3)
In this subsection, we first analyze the asymptotic stability of the disease-free quilibrium Py by linearizing (2.3) about Py
and later discuss its global stability. By defining

W=(S-% H - H I - I, C - C C - Cp Uy - UL TC Ct ART, (3.23)
the linearization of (2.3) about Py is equivalent to

dW=AWdt, (3.24)

where A = A as defined in (2.7), with the block matrices A11 =A11(0), A12 =A12(0, 0), Ay =A; (0, 0) independent of noise
intensities. We note here that if g, <1, then a; — 8h;¥> 0 and z, — 771k > 0. We prove the local asymptotic stability of the
disease-free equilibrium Py using the idea presented in (Otunuga, 2018) and relations D1, and J»9 in the work of Plemmons
(Plemmons, 1977). We shall show that s(A) <0 if Rg, < 1.

Theorem 11. The disease-free equilibrium Pg of the model (2.3) is asymptotically stable if Ro, <1.

Proof. Assume R, < 1. From the block structure of the matrix A, the eigenvalues of A are the collections of the eigenvalues of the
block matrices A (defined in (3.3)), G11 and Gy. As shown in Theorem 2, all the eigenvalues of A are negative if R, i < 1. Likewise,
following the same idea in Theorem 6 and the fact that the matrix -Go, €Z* is a Z- matrix, it can be shown that the real part of all
eigenvalues of Gy, is negative if Ry < 1. Lastly, the determinant det(Gy1) = (—1)" [T}, (d;d;e; — snd; — 57d;), where d;d;e; — snd;—
snd;>0 for all j = 1, 2, ..., n. This shows that det(Gy,) is negative (or positive) if the value of n is odd (or even), respectively.
Following similar approach in Theorem 2, it follows that the real part of all eigenvalues of Gy1 is negative. Thus, since Rpy < Ron

and Ry < Rop, it follows that the real part of all eigenvalues of A is negative.
|

3.4.2. Numerical verification of asymptotic stability of equilibrium point for the overall model (2.3)

In this section, we give simulation result for the trajectory of the susceptible, HIV and TB co-infected population satisfying
(2.3) using demographical data published in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar
etal., 2013; The CASCADE Collaboration; Collaborative Group on AIDS, 2000) and estimated parameters. The following graphs
verify the global stability criteria discussed in Section 3.4.

Fig. 9 shows the trajectory of Hy, I, L, T, Ci, Cy; Cy, Cq, Uy, A for the case where Rg 1 < 1. We use the initial conditions (in
percentages) So = 0.36, Hip = 0.15, I1p = 0.1, To = 0.15, Co = 0.05, C10 = 0.03, U1g = 0.02, Ag = 0.06, Rp = 0.08. Parameters’ unit
are in year~! and parameters § = 0.6, h; = 2.76, u = 0.026, p; = 1/0.271, ¢ = 0.01, 71 = 0.5, ¢1 = 0.7, y; = 1/8.21, ¢ = 0.08,
v1 =0.09, p = 0.02,x = 0.001, w=0.3,qg = 0.004,6 =01,7; =0.7,7, =0.7,73 = 0.7, 7 =0.1,r1 =1/04, n = 0.3, s = 0.202,
01 =1/9.5, 02 = 1/70, ¥ = 0.07, ¢1 = 2, ¢ = 0.09, e, = er = 0.22, where R = 0.4403 and disease-free equilibrium P§ =

| T
(50 =1,H=0,=0,7°=0,c% =0,c2 = 0,c% = 0,C; = 0,U% = 0,A° = 0,R" = 0) . Fig. 9 confirms that if R <1, then
S(t)—% =1, Hy(t) = 0, [j(t) — 0, T(t) — 0, C?—0,C2—0, C1(t) — 0, C1(t) 0, Us(t) — 0, A(t) — 0,and R(t) — 0 ast — oo.

3.5. Stability of disease-free equilibrium Py of (2.1)

In this section, we analyze the noise influenced population (2.1) based on the results derived in Sections (3.1), (3.3), and
(3.4).
Theorem 12. The real part of all eigenvalues of A is negative if R, < 1.

Proof. The result follows from Theorem 11 by replacing k8h, with k8h; + a% 1R2 62/2 and 7«71k With 7«7k + (1 — l)T%Ezaf.nﬁ/
2.

Theorem 13. The trivial solution ® = 0 of (2.7) is asymptotically stable in probability in the feasible region Y if Rgn < 1.
proof. A similar proof is given in Otunuga (Otunuga, 2018, 2020). 1
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Theorem 14. The disease-free equilibrium Py of the system (2.1) is asymptotically stable in probability in the feasible region Y if
RO,n <1
To prove this, we show that Theorem 7.1 of Khasminskii (Rafail, 2012, p. 66) is satisfied. Let fand g be the drift and diffusion

coefficients, respectively, of (2.7), and F and G be the drift and diffusion coefficients, respectively, of the system derived by
substituting ® into (2.1).

Proof. Assume Rg, < 1. It follows from Theorem 14 that the trivial solution ® = 0 of (2.7) is asymptotically stable in
probability. Following Theorem 6.2 of Otunuga (Otunuga, 2020), it can be shown that in a sufficiently small neighborhood of
® = 0, there exists a sufficiently small constant ¢ > 0 such that

[F(t, @) —f(t, D) +[|G(t, ®) — g(t, D) < €| P]|.
The proof follows from Theorem 7.1 of Khasminskii (Rafail, 2012, p. 66). H.

3.5.1. Conditions for short-time disease outbreak

In this section, we seek conditions under which small perturbations to the disease-free equilibrium Py can initially grow.
Assume

20222
1 <Rn,H<1+1<blalﬂK>, and

2 \aiby — 7144
(3.25)
©2720(1 — )o? 1-1
1SRT<1+1gKT ( )O'T,n+3(ﬂ+( )Z1)
2 (8z1z2 — fpq)b — (qw + gx)fo
or equivalently,
1( bio} ,6°%2
-5 (m <Rpu<1, and
(3.26)

1827201 — o2, 51+ (1 - 1)zy)

- <Rr<1
2 (82122 — fpq)0 — (qw + gx)f T

Equation (3.25) shows a condition for epidemic growth as a result of noise, while equation (3.26) shows that the epidemic
growth occurs initially, with the growth caused by perturbations in the transmission rates of HIV-only and TB-only infected
untreated individuals with noise intensities o1 and o .3, respectively.

3.5.2. Numerical verification of stability of disease-free equilibrium point for model (2.1)

In this section, we give simulation results for the susceptible, HIV/AIDS & TB infected population satisfying the stochastic
model (2.1) using demographical data presented in Section 3.4.2. Numerical simulations are carried out using the composite

Plot of Hy, I,,L,T, C1,Cr, CI.CL, Uy, A; Case Rop <1
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Fig. 9. Graph of the trajectories of Hy, Iy, L, T, C, C, Cr; Gy, Cy, Uy, A for case Rg 1 < 1.
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Euler method (a combination of the semi-implicit Euler and the Implicit Euler method). The following graphs verify the
stochastic asymptotic stability criteria discussed in Section 3.5.

We use the initial conditions and parameters presented in Subsection 3.4.2 with noise intensities gp1 = 0.3, op2 = 0.21,
an3 = 0.23, where Ro 2 = 0.9611. Fig. 10 ((a)- (b)) and 11 ((a)- (b)) confirm that if Rg, < 1, n = 1 and n = 2, respectively, then
S(t)—k = 1and Hi(t) — 0, Ii(t) — 0, T(t) — 0, ((t) — 0, Ci(t) — O, Ui(t) — 0,A(t) — O,R(t) — 0ast — oo, for k=1, 2. We use
the initial conditions and parameters presented in Fig. 11 with noise intensities o1 =0.5, 042 = 0.3, o3 = 0.23, where Ry =
0.4403, Ryy = 0.8540, Rt = 0.7160, Rg1 = 0.7160, Rp, = 0.8540, Ry = 04735, Ryy = 0.9204, Ry = 1.3436,
Ro1 =Ro2 = 1.3436. These results suggest that there is epidemic advances caused by noise intensity in the transmission rate of
TB disease. These advances can be seen in the trajectories of the functions T, C, A, U;, Ua, H>.

Fig.12 ((a)- (b)) confirm thatif Ry 5 <1 and Rg > 1, there will be transient epidemic advances, even if S(t) =& = 1 and Hi(t)
— 0, Ii(t) = 0, T(t) — 0, C(t) — 0, Ci(t) — 0, U(t) — 0,A(t) - O,R(t) > 0ast — oo, for k=1, 2.

4. Discussion

In this paper, we present a deterministic and stochastic HIV/AIDS & Tuberculosis epidemic model describing the co-
infection of HIV/AIDS and Tuberculosis diseases between individuals susceptible to both HIV and TB, infected with HIV but
not receiving any kind of treatment (and in stage/phase k = 1, ..., n of infection), HIV infected individuals under the Anti-
retroviral treatment (and in stage/phase k = 1, ..., n of infection), TB infected untreated individuals susceptible to HIV, TB
infected individuals under TB treatment, individuals who recovered from TB with temporal immunity, individuals co-infected
with HIV and TB, individuals co-infected with HIV and TB and undergoing different phases of TB treatment, and individuals
infected with HIV and TB undergoing HIV treatment and different phases of TB treatment. We also considered the effect of
noise/perturbations in the transmission rate of the diseases. We are particularly interested in how the diseases are trans-
mitted at various stages of the disease and phases of treatment and the effect of noise and treatments on the long-term
behavior of the population. We obtain the basic deterministic reproduction numbers for the models containing HIV-only,
TB-only, and HIV-TB co-infection population in (2.10), (2.11) and (2.3), respectively. By studying the reproduction number
of the general model containing the entire population, our analysis shows that there are no impact of treating co-infected
populations on Rg,. In order to study the effect of the ART (and TB) treatments, we derive the basic reproduction
numbers, Ry (and Rr), derived from the HIV-only (and TB-only) model in the absence of treatments. Our result confirms
that the transmission potential of HIV (and TB) in a population under treatment is lower than the transmission potential in an
untreated population if the number of secondary infection produced by a typical infected individual under the treatment is
lower than the number of secondary infection produced by a typical infected individual receiving no treatment in the
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Fig. 10. Graph of the stochastic trajectories of S, Hy, I, T, C, Cy, Uy, A and R for the cases where Ro; < 1.
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Fig. 11. Graph of the stochastic trajectories of S, H;, I;, T, C, C;, U;, A and R for j = 1, 2, for the case where Ro < 1.
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Plot of Hy, Hy, I, I, T, C, Ci, Co,Uh, Un, A, R; Case Rz < 1 & Rop >1 Plot of Susceptible, S, Population; Case Roz < 1 & Rgz > 1
1
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Fig. 12. Graph of the stochastic trajectories of S, H;, I;, T, C, G, U;, A and R for j = 1, 2, for the case where R, <1 and Roz > 1.

population. We discuss the stability of the disease-free and endemic equilibrium by showing that if the reproduction number
Run < 1(Rr < 1), the disease-free equilibrium derived from the HIV-only (TB-only) model is globally asymptotically stable
in the feasible region. Likewise, we show that extinction occurs if the disease-free equilibrium corresponding to (2.3) is
globally stable, given the threshold Rq,, < 1. Also, we further show thatif R, ; >1 (R > 1), the endemic equilibrium derived
from HIV-only (TB-only) model is globally asymptotically stable. Similar result is shown for the case where noise is present in
the transmission rates of the HIV/AIDS and TB diseases. We show that even if Ry, <1 and Ro, > 1, there will be transient
epidemic advances in the population. Numerical results are carried out to verify our claim using demographical data pub-
lished in (Birrell et al., 2012; Granich et al., 2009; Hollingsworth et al., 2008; Kretzschmar et al., 2013; The CASCADE
Collaboration; Collaborative Group on AIDS, 2000).
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Appendix A. Reproduction numbers for HIV-only and TB-only infected populations for model (2.3)
Appendix A.1. Basic reproduction number, Ry, for model (2.3)

In this section, we derive an expression for the basic reproduction number, Rg ,, corresponding to (2.3) using the next-
generation matrix method. We define Rg , as the expected number of secondary cases produced, in a completely suscepti-
ble population, by a typical infective individual (Diekmann, Heesterbeek, & Metz, 1990; Driessche & Watmough, 2002). Since
individuals can be infected with either HIV or TB, then, in order to derive the expression for R ,, we first find the expression
for the basic reproduction numbers R, i, and Rt corresponding to the sub-models of (2.3) involving population infected with
HIV only and TB only, respectively.

Appendix A.1.1. Basic reproduction number R, y

The sub-model of (2.3) involving the presence of HIV disease only is given by (2.10).

We note here that system (2.10) is an extension of model (2.3) discussed in the work of Otunuga (2018) (Otunuga, 2018)
since the reduced infectivities ¢, j =1, 2, ..., n, the treatment rates 7y, j = 1, 2, ..., n and treatment dropout rates ¢, j = 1,2, ...,n
may vary. Here, we define the basic reproduction number R,y corresponding to model (2.10) as the expected number of
secondary cases produced, in a completely susceptible population receiving treatment, by a typical HIV infective individual

n
only (Diekmann et al., 1990). We consider model (2.10) in the feasible region Y in (3.5) with Ny =S+ 3 (H; + I;). The model
j=1

(2.10) has disease-free equilibrium PS’ given in (3.1). In the presence of Antiretroviral Therapy (ART) treatments, we derive the
reproduction number R, y with respect to (2.10) using the next-generation matrix (Driessche & Watmough, 2002). Following
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the work of Otunuga (2018) (Otunuga, 2018) and Otunuga (2020) (Otunuga, 2020), the reproduction number R, ;; is obtained
as

n
_ llkh] + €,V
Rpn = Kﬁz % )

L (abs = 79y)

-j=1
where uy and vy satisfy

{ Uy = bpr_qUr-—1 + drYe—1vk-1,
Vg = TiPr—1Ug—1 + QYp_1ve—1, fork=1,2,...n,

and po =1; up =1; yo = 1 and vo = 0. We note here that ajb; — 7j¢; = (u + pj)bj + 7{(u + v;) >0 forj=1,2, ..., n.
Remark 3. Reproduction number in the absence of treatment

We also note here that if there are no HIV infected individual receiving treatment with respect to model (2.10), that is, if
Tk=0V k=1, ..., n, then model (2.10) reduces to

ds - <A — BS 3 hyH; u5> dt, S(to) = So,
j=1

n (A.1)
dH; = <55 21 hiH; — (u+ Pl)H1> dt, Hi(tp) = Ho1,
]:

dHy = (pg_1Hi_1 — (+ p)Hy) dt, Hi(to) = Hoy.

and u, = Hj’-‘:1 (bjpj_1) for k=1, 2, ..., n. In this case, the basic reproduction number R,y reduces to

~ & r( piq
Ron = Kﬁz_: [mj]]]: (M{F Pj) ] . (A2)

r=1

This is the expected number of secondary infection produced by a typical untreated infected individual when introduced into
a population consisting of susceptible individuals only.

Appendix A.1.2. Basic reproduction number Rt for the TB-only model

The sub-model of (2.3) involving the presence of TB disease only is given by (2.11). Here, we define the basic reproduction
number Rt corresponding to model (2.11) as the number of TB infections produced by an active TB case. We consider model
(2.11) in the feasible region YT described in (3.16). The model (2.11) has disease-free equilibrium

Ph:={s°,1°,1° A° R%} = {%,0,0,0,0}. (A3)

For the next-generation matrix, we consider equations corresponding to the infected compartments T, and A. The nonnegative
matrix, F, and nonsingular matrix, V, corresponding to the new infections in the population (evaluated at the disease-free

equilibrium Pg with respect to (2.11)) and the transfer of individuals in and our of compartment, respectively, are given by

0 ?11 ?2[ 0 Z1 0 —X —q
o F;a-p mHa-n o | f z 0 o0

F =Tk 0 0 0 ol V= 0 -5 6 " E (A4)
0 0 0 0 0 p w g

It follows that the spectral radius, Ry, of the next generation matrix #V~! is given by

_ EgT*(?10+726)(ﬂ + (1 — l)Zl)
- (82122 — fr@)f — (qw + gx)f 6

It is easy to show that (gz1z2 — fpq)0 — (qw + gx)fé > 0 using Table 1.
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Appendix A.1.3. The overall basic reproduction number Ry, corresponding to (2.3)
Here, we derive the expression for the basic reproduction number, Rq,, corresponding to (2.3). The model (2.3) has
disease-free equilibrium

Por={ % HS, . HO.10, . 19,C9,...C0. Y, G UR, . UR, L0, T0, D, 9, A%, RO} = {7, 0156 (A5)

Define dj, aj, 0,andej,j=1,2,...,nasinTable 1. For any vectors X,y € R" and scalar c€ R, define the matrices M*Y, Z, and Z,

asin (2.6). Lethand e be the vectorsh = (h; hy, -+ hp)ande =(e; € -+ en), respectively. The non negative matrix,
F, and nonsingular matrix, V, corresponding to the new infections in the population (evaluated at the disease-free equilibrium
Pp) and the transfer of individuals in and our of compartment, respectively, are given by

F1q I12P) Fi3 Vit O2nx3n Oznxe
F={03n2n O3nx3n O3nx6 |, V= O3pxan Vi Voz |, (A6)

Ogxon P32 F33 Osxon  Ogx3n V33

1 o Pn D1 . Pp O .. O
where Fyq :ﬁf( h ¢ >.F12:ﬂf o . 0 0 ... 0 0.0 ,
O2n-1x2n  O2n-1x2n T S S
0 .. 0 0 ... 0 0 ... 0/,,.3n
0 0 L% B %) 0 0
0 0 0 0 0O
Fi3 =Bk : ,
00 0 0 00/,,6
#l énl 1l ¢l al al
G111 = gu(1—D) G(1=1) ~ G(1=1) o(1=1) ~ o(1-1)
F32 = T+K¢ 0 0 0 0 0 )
0 0 0 0 0 0/ gusn
0 71l 0 73l 7ol 0
0 Fi1—-1) 0 75(1-1) T(1-1 0 A T M Onp  Ts
Fy=rk[0 0 0 0 o of (M7 Th) Ve (0 M I
: T Iy, I Mee
0 0 0 0 0 0/ 646
zz 0 0 0 —x q
f z 0 0 0 O
. . 0 0 d 0 0 O . 1
defined in (2.6), Vo3 = Gy, defined in (2.7), V33 = 0 0 0 df 0 0 . The next generation matrix FV~" is of the
0O -6 0 0 6 O
0O -p 0 0 —w g
form
GH GHT GTH
FV"' = | O3p.2n Osnx3n O3nxe (A7)

Ogxon FVyy  GT

where G = F1 V], G = F1,V5), G = (Fi3 — F13V5) Va3)V3s, and GT = (F33 —F35V53 Va3)V34 are 2n x 2n, 2n x 3n, 2n x 6,
and 6 x 6 matrices, respectively. Since the next generation matrix FV~! has G (generation matrix for HIV-only matrix), a zero
matrix and G (generation matrix for TB-only matrix) in its block diagonal entries, it follows directly that the spectral radius,
Ron, of the next generation matrix Fv-1in (A.7) is given by

Ron = Max{Ryn, Rr}. (A8)
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